The L ogistic Equation with Har vesting
Introduction:

For positivek, L and R the logistic differential equation with constant “ harvesting” is given by
d—N=f(N,k,L,R)=kN[1—Ej—R. 1)
dt L

Here N is the population of a species at timet, kisarate of growth constant, L is the l[imiting population in the absence of
harvesting, and R is the harvesting rate, i.e., how many individuals are removed per unit time. Theinitial condition is that
N(0) = No. N and L have units of population, k has units of time™, and R has units of population divided by time. Just based

on units, the dimensionless ratiosk—li andki must be the quantities which characterize the impact of harvesting on the
0
qualitative behavior of the solution of equation (1).

The problem can be solved by analytic methods for all values of k, L, and R. However, the equation also illustrates the
utility of the qualitative approach where one studies the equilibrium solutions determined by the zeroes of f (N,k,L,R).
The model has enough structure to produce both non-trivial and interesting solutions. As such it provides a nice explicit

example of many of the ideas students encounter in an elementary ODE’ s course. In addition, the analysis of the solution as
the parameters approach critical values provides a nice reinforcement to the calculation of limits and Maclaurin series.

Analyss:
1. Thelimit asL — oo :

As L — o the equation (1) approaches the linear differential equation
dN
—=kN-R. (2
m )

This can be solved either by separation of variables or the use of anintegrating factor. Using the latter approach, one
obtains
aN
dt

d/ ) d(R_
a(Ne ”):a[ge "tj

Hence by integration, N(t) =§+ ceX for some constant C. Usi ng theinitial condition, C =N, —E . So the solution of

e M _kNe K = _Re

equation (2) can be written as

N(t)=—+(N0—§je"t. ©)

Now the problem demands non-negative values of N, hence the species becomes extinct if N, < m with an extinction time

givenby te, =%In( R—T(N j AN, >§ the population grows exponentially since thereis no limiting population. Thus
0

the equilibrium solution N(t)=Ng =§ is unstable since small departures from E in theinitial population cause the

solution to rapidly depart from the equilibrium value. Thisisillustrated in Figure 1.
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2. Solutionsfor positiveL:
The equilibrium or fixed point solutions of equation (1) arethe values of N for which

2 (2
f(N,k,L,R)sz(l—%j—Rz—E (N—LJ e R =0. There are two equilibrium solutions:

L 2 4 k
N=Ll12 [1- 2R | Thesearereal if and only if R< %
2 kL 4
Case 2a: R<&:
4
The two equilibrium solutions are Nfzg 1- /1—% and N, =% 1+ /1—% . Consider

2 2
f(Nuw,k,L,R):_g[(N“g-g} (2 m)

yields %=—ks /1—% +Ej For small departures from Ny, the solutions behave like &(t) = £,exP| —| k fl—g t

Thus N(t)= N, =%(1+ /1—% is a stable equilibrium solution. Similarly,

L /1-% +&|. Substituting N = N, + & into equation (1)
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2 2
f (N, +g,k,L,R)=—%[(NZ +g—%j —{%—%ﬂ:k—f@ fl—g—g]Substituting N = N, + g into equation (1)

yields %= kg[ ’1_$ —%j . For small departures from N, the solutions initially grow exponentially like

g(t)zgoEXPKk,/l—gjt} .Thus N(t)=N, =%[1— /1—%Jisan unstable equilibrium solution.

Theanalytic solution of equation (1) when R< k7|: is accomplished by separation of variables.

dn L

2 2 L
NoL| L[ 4R
2 4 kL

Case2ai: N0>Nu=£ 1+ 1_£
2 \J kL

2 2
Since[No—%j —L—[l—ﬁj>0, N’(0) <Oand N(t) decreases. A turning point requiresthat N’(t) =0 which requires

4 kL
that N(t)=Njor N(t)=N,.A solution can not pass through a fixed point, so N(t) has no turning points. Hence N’(t) <0
for all t, but N (t) must have alower bound sinceit can not cross N, . Thusfor all t, N(t) is a decreasing continuous

function with N(t)> Ny, . Thereforethe lim N(t) must exist. But thisimpliesthat lim N’(t)=0 and hence lim N(t)
t—oo t—oo t—oo

2 2
must equal the equilibrium solution N, . Since N(t)> Ny, [N(t)—kj —L—[l—%j>0; this motivates the

2 4
Lo AR
k

trigonometric substitution N = % + csc(G)T .

Figure 2

il
kL
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4R
L 4R

aN=——V K o (0)cot(6)do and[N(t)—Ejz—T(l_Ej :2[ 4R

1——jcot2 (6). Equation (4) then becomes

2 kL

csc(9)do  _ sec(6)dd _ K WhichintegratesasIn[%c(@)ﬂan(@)}:E 1——I+T,W

L\/_4R ot (6) L\/_4R L KL
2 kL 2 kL

the constant of integration. Eliminating the natural logarithm gives the following result:
L L 4R

N-——+—,1-—
2 2 kL — JAex ( }1_£tJ
2 2 2 kL
NoL] (1 4R
2 4 kL

k 4R . In(A) here In(A)iS
2

Squaring both sides gives

2
[N_L L 1—4RJ

2" 2\ Kk N - N,)? _
N_L _r 1_£ N_L_L 1_£ N_L L 1_£ u
2 4 kL 2 2 kL 2 2 kL
Theinitial condition at t = 0 requires that A_u Thefollowing sequence of steps solves for N(t).
{Aexp 1——tﬂ N(t)-N,
{Aexp( 1——tj } N Aexp(k /1—£t}
N,Aexp| k 1—£t Nz N, Aexp k 1- 4Rt Nu
L Ny — Ny
N(t)=
Aexp| k,[1- —t -1 Aexp k 1-—1t|-1 Aexp| k Jl—ﬁt 1
L kL
NU NU
Aexp| k,[1- ﬁ exp k‘/l—ﬁt
kL N - Ny
Ny — Nz )(N
N(t)= Ny + ( £)(No - (5)

(NO—NZ)exp(k\/th

The solution expressed in equation (5) confirmsthat lim N(t) =N, .

t—>00

Case2aii: L 1- 1—£ =Ny <Ny<N _L 1+ 1—£
20V U2 kL
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4 kL
turning point requiresthat N(t)=Nyor N(t)=N,, soN(t) hasno turning points. Hence N’(t) >0 for all t, but N(t) must
have an upper bound since it can not cross Ny, . Thus, for all t, N(t) is aincreasing continuous function with

N, <N(t)<N,. Thereforethe lim N(t) must exist. Again thisimplies that lim N’(t)=0 and hence lim N(t) must
t—so0 t—so0 t—seo

2 2
Since —= /1—£<N0—£<L 1R NO—L L o PN N’(0)>0and N(t)increases. Again a
2 kL 2 2 kL 2

2 2
equal the equilibrium solution N, . Since _L 1—£<N(t)—£<L 1—£, L 1—£ - N(t)—L >0; this
2 kL 2 2 kL 4 kL 2

L l—ﬁ
VR o)

. . . I L
motivates the trigonometric substitution N = > + 5

Figure3

{809

4R
L, 1-—— L

2 2 2
dN=—kLcos(€)d€ and | N(t)-= b ARy by 4R cos? (#) . Equation (4) then becomes
2 2 4 kL 4 kL

sec(0)do

L :Edt whichisidentical to theresult of Case2.ai when Ng > N,, . Thus the solution again takes the form of

L 4R

2 KL

equation (5) whichin turn confirms that when N, < Ng < Ny, , the lim N(t) =N, . It should be noted that in the absence of
t—co

harvesting, i.e., R=0, that N, =%(1+ /1—%} becomesL and N, =%(1— }1—%} vanishes. Equation (5) then reduce

to the familiar solution of the logistic mode,
L(No-L)  NgLexp(kt)
Noexp(kt)+L—N, Nyexp(kt)+L—-N,

N(t)=L+
kL o L : L / 4R
If R<7 and N, > N, the effect of harvesting isto reduce the limiting population fromL to N, = L—E[l— l_EJ'
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For |x| <1, an application of the binomial expansion gives the following result.

’—1—X=1—1X— 1 W2 _ 1.3 X3_1-3~5X4_1-3~5-7X5m

2 2220 23 2% 25!
L1 1218 5 12(1)32(2)5 , 12()-32(2)5-2(3)-7
2. 2220 2213 24222141 2223315
1, 1 o, 3 3 5 4 7
=1-—x- X< — s X — X7
2 222 2213 2%2%41 25235

1. < (2n-3)! n

X
n—2 22(n-1) (n—2)!n!

> 2n—3)122"R" > (2n=3)IR"
So szk[l_ 1_£j:££+£ z(r 3) =B+2 ( n 3)n ]
2 KL ) 2k 20520 o2k K ni(n-2) k"L
> 2n—3)122"RN > (2n-3)IR"
NU;[H ﬂ}@@:z _(21-3) LRy (IR
2 kL 2K 275 22" Y n(n-2)k"L" k  =nl(n-2)k"L

As L becomes very large the stable equilibrium solution at N, movesto infinity and the unstable equilibrium solution at N,
becomes % If k_IT_iS small and N, > N, harvesting reduces the limiting population by an amount approximately equal
to% . Sincefor largeL, N approachesL, thelimit of equation (5) can be evaluated as follows.
N
L[L— jo—lj
N, —N,)(N,—N
lim N(t)= lim Ny + (Ny = N, )(No —Ny) = lim L+ =
L—oo L—oo 4R L—oo R 4R
(NO—NE)exp[k‘fl—kLtj+ Ny — N, (No—kjexp[k‘fl—kl_tj+ L—N,
L2 — LN, +L NO—B exp| k1= Rt |+ L NO—L—%JFB
_ k kL kKL Kk
= lim
L—oo R [ 4R
N,—— |exp| k,/1-—t |[+L—N
[ 0 kj p( KL j 0
(NO—Ejexp[k‘/l—iftj+[— F\:(Il\l_0+:jj
L :%{N Rj Kt

~|

° K

= lim
L—e L
” 1 NO—B exp k,/l—ﬁt +1-No
L k kL L

This agrees with equation (3), the solution of equation (1) in the limit that L goes to infinity.

If Ris negative (stocking rather than harvesting the population) 1—% >land N, <0. For negative R an analysis

essentially the same as that just presented demonstrates that equation (5) is the solution to equation (1) for any initial
population. Solutions with 0< N, < N, monotonically increase to the equilibrium solution N, while solutions with

. I -R. S
N, > N, monotonically decreaseto N, . Extinction never occurs. If R is small the effect of stocking is to increasethe

limiting population by an amount approximately equal to_TR .
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Case 2aiii: Ny <N, =%[1_ /1_%J

2 2
Since N0—£<—£ /1—5, NO—L L R0, 00 N’(0) <0and N(t) decreases. Asin the previous two
2 2 K 2 4 kL
cases, N(t) has no turning points. Since N (t) isinitially below both equilibrium solutions it must decrease without a lower

2 2
limit. Thus, if N, < N, ,the population always becomes extinct. N, <% and (%— Noj —%(l—%j >0.As

2 2
N (t) decreases from N, N(t)—%<—L /1—% so [N(t)—%j —L—(l—%j>0 in this domain. This motivates the

2 4
L L l—% L l—%
trigonometric substitution N =E—TLCSC(9) ,s0 dN =TLCSC(9)COI(9)d9 and

2 2 2
[%—N(t)j —L—[l—ﬁjzl‘—[l—ﬁj t2(9).EquaIion (4) then becomes

4 kL 4 kL
In(A
csc(9)de - sec(6)do L which integrates as In[%c(.9)+tan(6)}=—E /1—£t+m.
L 4R L 4R L 2 kL 2
—1-eat(p) . 1-00
2 kL 2 kL
Figure4

Eliminating the natural logarithm gives the following result: 2 = g /1—%t} .

Squaring both sides, gives

2
L L 4R ,
2 2\ K _ (Ny—N) NU—N_AeXp[_k X 4Rtj_

2 2 N,-N
Lon) ZE(qo4ry fE_L 4R L L 4R ¢
2 4\7 Kk 2 2\ Kk 2 2\ Kk
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N, —N .
I\IU—I\IO . Thefollowing sequence of steps solves for N(t).
¢~ No

1R 4R

N(t)1-A -k, J1-—1t||=N,=-N,A -k, 1-——1t
O e
4R 4R 4R

Nu—NZAexp[—k ’1_kLIJ Ny —NuAexp[—k /1_[ tj (Ny —NZ)Aexp[—k ’1_kLIJ
= +
1- Aexp| -k /1—£t 1- Aexp| -k fl—ﬁt 1- Aexp| -k /1—£t
kL kL kL

Ny — N
Ny — N, )u ™0
A(Ny —Ny) (Ny Z)NZ—NO N+ (Nu—=Ng)(Ny = No)

:Nu+ =
exp[k /1—1'5tj—A exp[k /1-‘&@-“ (NZ—NO)exp(k /1—‘$tJ—(Nu—NO)
£~ Mo

(_1)(NU_NZ)(NU_N0) (Nu_NZ)(No_Nu)

(No— Ng)exp[k /1—% tj+ Ny — N (No— Ng)exp[k fl—% tj+ Ny — N

Thislast expression isidentical to equation (5). Furthermore, in equation (5), if Ny =N, N(t)=Nyandif Ny=N,,

Theinitial condition at t = O requires that A=

N(t)=

=N, +

=N, + =N, +

N(t)=N,. Thus, it has been established that if R<k7|: , the solution of equation (1) for any initial condition is given by the
(Nu _NZ)(NO_NU)

(Ng— Ng)exp[k‘/l—i:iz tJ+ Ny — N

For N, <N, itisdtill thecasethat lim N(t)= Ny ; however, the solution shows very different behavior then the previous
t—eo

oneformula. N(t)=N,+

two cases with N, > N,. Since 0< N, — N, < Ny, — N, the denominator (N, — Ng)exp[k /1—% t}+ Ny — N, isinitially

Ny — N, which is positive. The negativeterm (N, — Ng)exp[k }1—% tj causes the denominator to vanish at the critical

value of t givenby t. = ! In Ny =Ny . Thereisavertical asymptoteinthegraphat t=t.. Ast —>t, ,
Cc AR C Cc

k\/ _ TR Nf_NO
kL

N (t) — —eo. Sofor exactly one value of t, te, , With O<tg, <t., N(te)=0. Rewriting equation (5) as asingle fraction,

(Ny =N, )(Ny = Ny ) NU(NO—NZ)exp[k 1—ilstj+ Ny (Ny =Ny )+(Ny =Nz )(Ny—Ny)

(No— Ng)exp[k /1—% tj+ Ny — N (No— Ng)exp[k /1—% tj+ Ny — N
4R
NZ(NU_No)_Nu(NZ—No)eXp[kwfl—kLIJ
(NO—NZ)exp[k /1—% tj+ Ny — N
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Thus, for R<k7|: and Ny <N, =%(1— /1—%} extinction occurs at atime given by equation (6)

e ]

kL kL

Aninstructive exercise is to analyze the behavior of equation (6) in the limit of very large L. It should approach the

expression for the extinction time derived from equation (3), namely t =1In( R j

k| R=kNg
R R 2 R 2 . . .
Now, N, =— 1+—+O(L ) and N, =L 1——+O(L ) , S0 from the binomial expansion,
k kL kL
ﬁ:&Jro(L—z), &:%|:l_3+o(|__2):|:%_&+O(L_2) and ;zl(lJrEJro(L—z)j_
Ny L N, R kL R L K 1_£ k kL
kL
2 3 4 5 _)HLyn
The Maclaurin series for In(1+ x)=x—x—+x——x—+x—---+L
2 3 4 5 n

Thus, the logarithm factor in equation (6) has the following large L expansion.

e vl e ot

=In[ R j—L(RR_NﬁNO)—%Jro(L‘Z):In{ R J_No(ZR—kNo)Jro(L‘Z)

Thereforefor large L the extinction time is given by the following formula.

ta:%[1+§+0(r2)j{ln( R j_NO(ZR—kNO)JrO(L_Z)}

kL R—kN, L(R—kNO)
N, (2R—kN
=1 In R +1 EIn R — 0( 0) +O(L"2)
k R—kN, Ll k R—kN, R—KkN,

This confirms the result from the solution of equation (1) in the limit that L goes to infinity.

Figure 5 summarizes the behavior of the solution of equation (1) for R< k7|r‘ .
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Figure5
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Case 2b: R=k7|r':

kL : _— L L L dN .
If sz thereis only one equilibrium solution sincethen N, =N, =E. For N, ;tE, (:j_t<0 and N(t) hasno turning

points since the solution can not passthrough% . Therefore N(t) is a strictly decreasing function. If N, > % , N(t) >% and

so lim N(t) must exist whichimpliesthat lim N’(t)=0 andso lim N(t):%. If N0<%, N (t) must decrease without a
t—eo t—oo t—oo

-2
lower limit and the population must become extinct. For R= kjlr' equation (4) becomes[ N —%j dN = —% dt , which upon

-1 -1
integrating becomes [N —%j =%t+ [ N, —%j . Solving for N (t) gives equation (7).

L
N ——
L 1 L 0 9
N t)=—+ =—+4
<) 2 L -1 2 kK L
t+(N0— j L No—- Jt+1
L 2N, -L ™

(=5 K(2No/L-1)t+2
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The lim N(t):L for all valuesof N, . If N, <t the denominator in equation (7) becomes negative for t>L,
oo 2 2 k(L—-2N,)

soatt=t. = thegraph of N(t)hasavertical asymptotewith lim N(t)=—e. N(t)=0 at t =ty <t;. From
C ex C

k(L—2N,) tt,

equation (7) N(te)=0 impliesthefollowing sequence of steps.

L 2N, - L

2 K(2Ny/L—1)tgy +2

—LK(2Ny/L —1)tg —2L = 4N, — 2L

k(L= 2N, )te = 4N,
C oL N
T k(L-2N,)

(8)

The case R:kjlr' isillustrated in Figure 6.

Figure 6

T
‘ LI E )
PR Bl N R L s W M
IR P T T LI i T T T T I W
Case2b: R=k@L/4) )
g u P} W P} W Pl 4 W u " W w W
1
tw . . T . . . e W i i “u ! " i i i
S " . . W u "y " " " "y S “u " " "
“

de L

e e - T T T T
. . _ _ xtinction Time \\.

T I T L T T T T e T I &IBXEMVUJ[K(L}MSUJJ&

“
S EREREN " "5 " “ “u

“u " \_];\ W Cw a Cw o w tw o Cw| Cw a Cw w0 w tw e Mmoo Cw ™ RN VI T T o + w P a Cw
k3 ks "

Let x= fl—%as R—)kjlr‘ ,x—>0". NZ=%<1—X) and N, =%(1+x)sothatthelimitcanbeevaluatedasfollows.
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Lx (N —;(1+ x)j

R X0 2 (N —;(1 X)j p(kxt) +

(1+x) =N,

I\J\l—

LX[NO— 1+xj

L
. LX[N0 —E(1+ x)j
=—+ lim

2 X%O(N —j[kxt+0( )J+x;[l+l+kxt+0(x2”

:£+ . L[NO—;(1+x)j

2 X%O(No—léj[kwo )]+ < [2+kxt+0( )}

L
L{ N, ——

L ( ° 2j
27 L -
(No—ijL
2

L (2N, -L)
2 (2Ny/L-1ki+2
Thislast lineisidentical to equation (7), so the required continuity of the solutions with respect to the parameter R has been
confirmed.

L (2N, - L)
(2N — L)kt + 2L

L
2

Similarly, using the Maclaurin series for In(1+ x)thelimitasR—>k7|: of the extinction time in equation (6) can be

expressed as follows:
2N,

(1—x)[1+x—j
1 L
lim tg, = lim —In

(
R— kTI,__ "0k I£(1+X)(§(1—X)—Noj %00 kx (1+x)[1 x—ztlj

2N
In(1-x)+In [1— ZNOJ 14— X -In(1+x)-In [1— Oj - X
L 1_% L 1— 2|\IO
lim
x—0" X
2N, 2N, X
In(l—x)+|n[1—L j+|n 1+1_ 2N, —In(l+x)—|n[1—L j—ln 1- 2N,
== lim L
k x—0* X
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, 1. L-2N, L-2N, 2 L 2( L-L+2N,
lim te, == lim == —1l=5|———20
kL™ K x—0" X k{ L-2N, ki L-2N,

R—
— 4N0
k(L—2N,)

This limit, as expected, is identical to equation (8).

Case 2c: R>k7|r‘:

kL I . .
If R>7 there are no real equilibrium solutions. Equation (4) becomes

S - ot
NoL) D (AR
2 4\ kL
0

So Y < 0and there are no turning points and no horizontal asymptotes. Thus, N (t) must decreasewithout a lower limit

2 2
and the population must become extinct. Thisistruefor every initial population N, . [N (t)—%j +L7[%—1j > 0; this

, , , _— L L /4R
motivates the trigonometric substitution N =E+tan(9)— —-1.

2\ kL

2 2 2
dN =% /%—1%2(9)d9 and (%— N(t)j +L—(£—1J=L—(£— j%cz (6) . Equation (4) then becomes
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N-—
do =—£dt which integrates as 9=—E /£—1+900r tan”t — 2 __K fﬁ—lﬂan"l —
2\ kL L f4R 1 2V kL L
L

LJaR L L
2\ kL 2

Solving for N (t)

N_L
A2 | KR ) 2L
L J4R_ L|4R 4
2\ kL L
_1| 2N, -L 4R
N(t)—;+% iR 1tan|tan™t| =22 —% -
LR
L
L 1R _1] 2N, -L kt 4R
N(t)=—=q1+ /——1tan tan~l S — (- 2T 9)
2 kL 4R 2 V kL
L, —-1
L
Extinction occurs for al positiveinitial populations. The extinction time is obtained as follows.
L,|—-1 1
kL L
Ktey [4R o 1] 2No—L | 4 1
2 VkL
LR, [4R_,
kL kL
ktzex %—l=t -1 1 +1 —1| 2Ng-L
aR_4 L [4R 4
kL L
_ _1| 2N,-L
tex=# tant L |t el (10)
K |AR_q AR, LR,
kL L L
kL . . -
The case R>7 isillustrated in Figure 8.
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lim N(t)= lim

KL+
R &
4

+
Let B= ﬁ—1as R—>&
VkL 4

g[tan(czxﬂ _
-1,

R—

tan(ax) _ lim
x—»0 d
)

Rﬁ&

L L
=— 4 —
2 2
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sec? (ax)a

im N (1)= im %{1+Btan
% -+

R—>—

tan‘l(2
lim Btan|tant 2
B—0* L
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L 1+ ﬁ_ltan tan_l M
kL' 2 V kL 4R
7 1

_KJAR
2\ kL

, B— 0" Using the addition formula for the tangent function and the fundamental result that

=o,the lim N(t) iscalculated as follows.
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L L .. LB
—+— lim

+ 2N, —L
2 2B50 1—°tan{—k2tB/B

L 2N, - L
=—+
2 k(2N /L-1)t+2

Thislast lineisidentical to equation (7). So once again the required continuity of the solutions with respect to the parameter
R has been confirmed.

kL L 4N

When sz and N, <E’ the extinction time was given by equation (8), te, = 0 . This should match the limit

k(L—2Ng)

: kLT
of equation (10) as R—>7 .

lim te = lim 2 [ L o[ 2N i 2 a2 - e[ 222N
R%&+ B—0' kB B B B—0' kB B B

4

Now for positive consider the following function defined for x> 0.

tan'l[zj if x>0
)= X

a(x
z if x=0
2
’ -2 -
X)= —aX =
g() 1+a2x"2( ) x2+(x2
. 4
lim g(x)=9g(0)==
Jlim g(x)=09(0)=7
9'(0)=-0a"

This function has the expansion g(x) =%—1+O(x2) for small x. Thus, for small positive B the following expansions
o

result.
tan‘l[ij=f—5+o(82)
B 2

e 1ZMNo/b) 7 B +o(52)
B 2 1-2N,/L
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kB B

2

ZEL—zNO/L_ k

So the limit of the extinction time becomes

R

i{tan'l(%j - tan'l(ﬂ

1-2N,/L

2N, 4N,

lim tE)(: lim i tan_l i _tan_l ﬂ :g — .
kL* B—0" kB B B ki L=2N, ) k(L-2N,)
4

2|z T B
= - B-=4— 4
ﬂ kB{Z 2 1-2N,/L

1 1+O(B)}:E{l—l+2NO/L+ 2N,

O(B)}ZEL—zNO

of?)
+o(5)}

As was expected from the continuity of the solution of equation (1) with respect to the parameter R this limit is identical to
equation (8).

Thefollowing table summarizes the major results of this analysis.

Summary of the Properties of the L ogistic Equation with aHarvesting Teem R : Z—T: kN [1—%}— R; N(0)=N,

B_

_ AR,
kL

where

Cae Solution for N(t) Condition for Extinction Extinction Time
R R R 1 R
o —+| N,—— |e N. <— 1
L= k [ 0 kj 07k kln[R—kNo
T AN R I (3
(No =N )exp| k 1- 2R +Ny = N, u ‘
«- k\/ 4R
L 4R kL
kL N, =—|1- [1-°=
R< & where ¢ 2[ kLJ
NU =£ 1+ ]__ﬁ
217N W
R:& L+ 2No —L N0<£ 4N,
4 2 K(2Ny/L-1)t+2 2 k(L—-2N,)
- Any valueof N _
L 1+ Btan| tan™? 2No—L) kBt y 0 2 tan_l(ljﬂan‘l[ZNO Lj
kL 2 LB 2 kB B LB
R>7
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