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Regression Analysisfor Bivariate Data
I. The Regression Equations:

The error variation for aline y =y +byx and a set of measured scores (%, y; ) ,1<i<n,isgiven
n

by S(bg.by)= Z(yi —by —by% )2 . This expression defines Sas a function of the two linear

i=1
parameters by andby; byistheintercept and by isthe slope. The so called “best fit” lineisthe one
that minimizes the function S(bo ,by ) . For this reason, regression analysisis sometimes called the
method of “least squares’. We are minimizing the sum of squared vertical deviations from the
line. More generally, we can model the “response” or output variable, y, in terms of the value of
the “control” or input variable, x, by some functiony = F (x;by,by,...by ) where the

variableshy,by,...b are the parameters of the model. According to the method of least squares we

determine values for these parameters from the observed (x , y) data points by minimizing the
sum of squared y deviations from the values predicted by the model. That is, for agiven set of

n

data, we choose by, b,...by so asto minimizethesum» [y, —F(xi;bo,bl,...h()]z IfFisa
i=1

linear function of by, by,... by, the problem resultsin alinear system of k equationsin the k

unknown parameters. Even if F does not depend linearly on x, this method is still referred to asa
linear regression, since the model islinear in the parameters. The solution of anon-linear least
sguares problem is al'so very important in modeling; however, the resulting equations are more
complicated and generally the solutions can not be stated in closed form. The initial case
presented above of y as alinear function of x is often called “simple linear regression” to
distinguish it from cases where F islinear in by, by,...1y , but not linear in x.

The problem of minimizing a differentiable function of several variablesis a standard onein
calculus. A necessary condition is that the gradient of the function must vanish at the input values

n
that give aminimum. For S(by, by ) this means that E:—2Z(yi —bp—lyx ) =0 and

dy iF
n
;%*22& (y; —bp —byx ) =0. These are called the normal equations of the regression
i=1

analysis. We thus have the following two by two system of equations for by andby .
n

D(Vi—bp-bx)=0 (1)
i=1
n
D% (Vi —bp—b)=0 (2)
i=1
Since S(hy,by; ) can be made arbitrarily large by letting the values of either by andb, get
sufficiently large, Sdoes not have an absolute maximum. However, S(bo,bl) does have alower

bound of zero. Therefore S(hby,b; ) must have an absolute minimum. Since the above system has
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only one solution, it must correspond to the absolute minimum. We will designate the values of
(by, by ) that solve (1) and (2) by the labels (Bo,ﬁ]) . Then equation (1) implies that
n n
D ¥i = Bon— 1Y% =0. Dividing through this equation by n gives the result that
i=1 i=1

V=hot+Bx. (3

This says that the regression line must pass through the point (X,y). Stated differently, on the
average the regression model works! Since it takes two points to determine alinethisisa
necessary but not a sufficient condition to determine the values of ( ,30, ﬁl) . Solving for ,30 ,

gives the identity
Bo=Y-BX. (4

n

This result and equation (2) imply that > x (yi ~V-B(% —Y)) =0.
i=1

Since ,Blis aconstant it can be factored out of the sum and isolated.

&anq(& —7)=Zn)>9(yi—7) (5)
i=1

n
Now the sum of the deviations about the mean must vanish; » (% —X)=> (v —¥)=0.
i=1 i=1
This, in turn, leads to the familiar form of the variation in x,

n n n n n {anle
3 (% =R)P =308 (5 =X)=RY (% %) =2 % (5 ~X) = Y -

i=1 i=1 i=1 i=1 i=1

A similar result holds for the covariation of x and y:
n n

n n n n n lezyl
S -X) (Y -¥)=> % (% -¥)-X>. (% -¥)=>_% (¥ —7)=§>qyi S

i=1 i=1 i=1 i=1

<

Giving names to the variation in x and covariation of x and y, we solve equation (5) for ,Bl

n n n (Zn:)(']
SSi= 2 (%4 =%)"= 2% (5 —%) = 2

i=1 i=1 i=1

(6)
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n n n n ixliyl
SSy=>(% - Z& V)= 2% (6 -%) =2 %y~ 7)
i=1 i= i=1 i=1
i&(y
p=" =§z (8)
2&(&—*)

Substituting this result into equation (4),

_'_y&: N__ 2 -X)
" s, .Zi Zy. (%

n n n {Zn:le n n i)('iyl
SR>y -y Z&Z&yﬁrz)ﬁ ELEL

_i=l =l i i=1 =1
NSS4
n 2n n n n 5 n
DX V=D XN YK =KD %Y
_i=l =l =1 =l =l i=1
nSS, S5,
STV =Y %D %y
— i=1 inzl i:i i:]é (10)
$o 5
i=1 i=1

n
To represent formulas more concisely we use the shorthand notation that ZU =2Ui , Where the
i=1
index is not stipulated and the lower and upper limits are understood to be 1 and n , respectively.
du
n
following formulas for the population variance and covariance.

Also an average can be represented using bar notation, U = . Hence, we can write the
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D _{(y-v7)=(¥)- 7 (1)

& ( 12)

The regression equations for determining ﬁo and ﬁlcm be written in avariety of equivalent forms.
Different authors and disciplines prefer some forms more than others, but the different equations

all give the same results. The table below provides a summary.

Tablel

Bo A

PRIR SR IR HZW—ZXZZV
DXGRON Y@ -(¥ %)

yY R X3y 3y 212

sz_(ZX) ZXZ_(ZX)

i =
e (x-00-9)_9)-(x)()
(x=%7)  (€)-(x)?
cov( Xy, x)—cov(xz,y) cov(X,y)
var (x)

var ()
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Note: Johnson in his text uses« for the regression intercept instead of ,30 and 3 for the regression
slopeinstead of Bl This could easily cause confusion with Type | and Il error probabilities.
However, in section 11.3 he does adopt to the more standard ,[} i notation consistent with these
notes.

Astheformulasin Table 1 illustrate there are two distinct approachesin doing a regression
analysis. One approach calculates the following five sums and then formulates all remaining
calculations in terms of these sums and the number of data points, n.

2x o2y Xy XX XY

The approach of these notesisto first calculate the above five sums and then use these sumsto
calculate the five additional quantities shown below. Any additional calculations are then
formulated in terms of these quantities and n.

X y Sy SO« Sy

Asyou may have noticed none of the regression equations encountered so far use Z y2 (or
equivalently, S5y, ). That will change in the next two sections

I1. Inference and Regression

In order to perform statistical inference on aregression model we need to consider more carefully
the nature of the relationship between the x and y variables. Implicit in the least squares approach
of fitting two variablesiswhat is called a probabilistic model. This means that one variableis the
response (or output, or dependent) variable and the other is the control (or input, or independent)
variable. We will let y designate the response variable and x designate the control variable. Since
X is under experimental control, we assume that its values were set and the error or uncertainty
present in determining these values is essentially zero. The measured values of y depend on x, but
they are also subject to an inherent error. The probabilistic model asserts that

y=F(X By, Br.---P) +&x-

F isafunction of x and a set of fixed parameters 3, B;.... B - Epsilon, &, , represents the random
error present in measuring y at the given value of x. If no error were present the model would be
called deterministic. That would mean that the value of the input completely determines the value
of the output, the essential meaning of a function. However, lifeis usually not so ssmple and

random errors are often part of our data. We assume that for each value of x, <5X> =He, = 0.0n
the average the error vanishes. If the expected value of the error is not zero, thisis considered
deterministic and it means we need to modify the function F to explain it. Ultimately random

error israndom. It can't be predicted in advance of the measurement. Any changesin they values
that can be explained by changes in the x value need to be incorporated into the model function.
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In fitting amodel to measured data it made perfect sense to minimize just the vertical deviations
of the data from the model predictions. The horizonta values, since we control x, are “right where
they ought to be”. In aleast squaresfit there is afundamental asymmetry between x and y. In

algebra, if y=mx+Db, thenx:iy—B isan equivalent equation. But in alinear regression, this
m”~ m

is not the case. Suppose we perform a simple linear regression on y and x, with x as the control
variable. Now exchange the roles of x and y and do a second simple linear regression that fitsx in
terms of y. The two lines we get are not equivalent! Their slopes are not reciprocals nor are their
intercepts related as expected. The lines are not equivalent since the two variables are treated
differently in the regression analysis. All of the uncertainty is assumed to reside in the response
variable and none in the control variable.

In practice, thereis usually error or random uncertainty in both of our variablesand in asense a
least squaresfit of y in terms of x is not appropriate. Nevertheless, it is till often performed. For
example, the error in x may be quite small compared to that of y. Furthermore, alinear regression
in the age of computers and calculatorsis very easy to perform and enables us to make needed
predictions on what response to expect for agiven input. Correlation analysis (section 11.6 of the
R. Johnson text) does not assume that x has zero uncertainty and so treats both variables
equivalently. The correlation coefficient of y versus x is the same as the correlation coefficient of
x versusy. Thereis also a procedure, known as “ generalized least squares’. For alinear model
this method minimizes the sum of the squared distances of the data points from the fitted line, i.e.,

N (v _h oy )2
Z(yl by —byx )

2
i1 b+l
straightforward solution, but the equation for the slope is quadratic rather than linear.

, rather than just the sum of the vertical distances squared. The problem has a

To summarize the above discussion, in our inferences about the regression model we will assume
that x is the control variable and there is no random error in determining x values. However, to be
precise in our confidence intervals and hypothesis tests about the population parameters

Bo. B, Py that characterize the model, we need to make further assumptions about the
distribution of y values. In particular, we assume that the distribution of the random error, &, , is
normal with a mean of zero and a standard deviation, o, that does not depend on x. Thus, the
random errorsin y are independent. If we wereto look at the probability density function of vy,
f(x, y), it will be anormal distribution about y=F (x; ﬂo,ﬁl,...ﬁk) , 1.e., the cross sections of the

surface, z= f(x, y) at fixed x will be Gaussianswith amean of F(x; 5y, ... ¢ ) - If the standard

deviation, o, is aconstant, then all of the cross sections have the same spread. Thisisillustrated
below in Figure 1 for the linear model. It is still possible to do statistical inferenceif the variance
of the random error iny is afunction of x. However, thisleads to a different set of normal
equations using a procedure known as “weighted least squares’. Thistype of analysis requires
either prior knowledge of the variance as a function of x, or, asis more commonly the case,
repeated measurements of y at fixed x in order to estimate this variance. Anillustration of a
variable spread in y for the linear model is shown in Figure 2.
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Figurel
Normal Distribution of y about y=4+8x

Sigma a constant

Figure2

Normal Distribution of y about y=£5+5>
Sigma not a constant

From this point on we will assumethat y= £y + fix+ & ande isin N(0,o). The parameter 3is
the population slope and the parameter /3 is the population intercept. The regression equations

for ,Bl and Bo shown in Table 1 are linear in the measured y values. By our assumptions, thereis

no random error in the x values and (; ) = S + B1% . The properties of the expected value and
variance of alinear combination of independent random variables |ead to the following results.

3\ 3 %=X .znxi__7 + .:ﬁn ._7+in.._7
<ﬂ1>—i§ = W E s Ao+ hix) SSXXE(& ) SSXXE&(& )

_Po g A
(0) %%
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(B)=51 (13)

n \2 n N2 N
Var(ﬁl)zé(xr Xj Var(y,)=§[x'ss>:J Var (B + Aix +8) G_EE(X'_Y)ZZ%
Vaf(ﬁl)=0—2 (14)

S5«

For the regression slope we make use of equation (9).

()3 32823 3 ng)m )

AR 30 1 )

—ﬁo{ 1H_§ _1 7)}%@[;?—@2)@ (% —7)]

Thus, ﬁ_Land ,30 are unbiased sample estimates of the population slope and population intercept,
respectively.

For aset of n datapoints(X;, ¥; ) , We might try to estimate o by the sample standard

n

z<e. )’

=1
n-1

deviation . However, since we don’t know S, or /3y, we can’t compute the actual
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values of & . Instead, we need to estimate¢; by using the sample based estimates ﬁ_Land ,30 and the
fitted regression Iinef/:ﬁo +ﬁlx.

& =Y -5 =Y —Bo—Bx (17)

This estimate of random error, &; , is called the residual of thelinear fit at x=x; . It'sthe vertical
deviation of the data point(;, y; ) from the sample regression line. From equation (1), the sum of

al of the residuals vanishes:
n n

iéi => (% =%)=2(%-ho—Bix)=0.

i=1 i=1

The sum of squared residuals, called the Error Variation or the Residual Sum of Squares, is given
by

SSE:Z'éiZ:Z(Yi—9i)2:Z(Yi—ﬁo—ﬁ1Xi)2- (18)
i=1

i=1 i=1

The sampl e estimates ﬁland ﬁo were chosen to make SSE as small as possible. To get amore
convenient computational form for SSE, we use eguations (4) and (11)

sE=Y(yi-y-Bx-A) =D (% -¥)-Alx-%)
i=1 i=1
= (% =9 =28 (x - %) (% ~¥)+ K Y (% -%)°
i=1 i=1 i=1
2 2
S 255+ S S5 25 [&]
SSyy — 2SSy + B SSx = SSyy SSXX+ S, SS
So,
ssy
SSE = -—. 19
SSyy S, (19)
The variance of the random error can be estimated by
sSy
Sy -
2_ SSE _ SSix
Se_n—2_ n-2 (20)
2
Thisis an unbiased estimate of o and under the assumption of normality, % is
c

distributed as chi-squared with n — 2 degrees of freedom. The number of degrees of freedom is
n — 2 because the sample mean and sample regression slope each “eat up” a degree of freedom.

The standard deviation, o, can then be estimated by
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s, - S
S.= SSE SS (21)
\n-2 n-2
Siscaled thestandard error of estimate and isused in all of our regression inferences.
Using equations (14) and (16) the standard errors of the regression slope and intercept are
estimated by the formulas given below.
(22)

+—— (23)

The following two scores are both distributed as a t distribution with n — 2 degr ees of freedom.
B-p ,30 fo
ﬂl IBO

Thus we can calculate confidence intervals and perform hypothesis tests on the population slope
and intercept. In particular, 100(1—¢r)% confidence intervals are computed by the formulas.

B Blita/zsﬁl (24) Bo: /B’Oita/zsﬁo (25)

One of the primary uses of aregression line is prediction. Suppose we want to estimate y at
X=Xy . Theregression estimate is
e ssxy
Yo=Fo+Pxo=Y+PBi(%-X)=V+ (%~ i —+ (% -%)|.
SSi z ! ssxx
Again the properties of alinear combination of independent random variables allow usto derive
the following results.
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7 \n Sk n® NS5« S
2
2(X—X -X
-2 5+ 200 [ 2] san
2
g 1+(X0—X) J
S

So the expected value of the estimated value of y at x = X isthe expected value of y at X = X ..
Stated differently, what yg = [%0 + leo actually estimatesis 'uylxo , the mean or average value of

many repeated y measurements at X = X, . From the result for the variance of Y, the standard error
of ,uylxo isgiven by

S =S 1.,.@ (26)
g n SS,

Note: That the uncertainty of a prediction increases as we move farther from the center of the
data. Thisresult reminds us of the danger in extrapolating aline beyond any observed data points.
Infact, if the underlying relationship between y and x is not linear and we make predictions
outside of our data, this formula can drastically underestimate the uncertainty.

A prediction of asingle y measurement at X = X is called estimating a future observation. We will
use the notation Y | xy for this estimate. By our assumptions the random error in this future y
measurement at X = Xy is independent of the random errors in the y measurements used to

calculate the regression slope and intercept. Therefore, the variance of the estimated future
observation is calculated as

1 (x%-%)
S5«

y = — = _1)2 _ .2, 2|1
Var(ylxo)—Var(y ,uylxo)_Var(y)+( 1) Var(,uylxo) c°+o [n+—

0'2(14.14.@
n  SS«

The standard error of this estimate is given by
\2
1, (%-X)

Because of the 1 under the radical, we see that a single measurement, as we would expect, is
more uncertain than an average. The assumption of normality allows usto calculate 100(1— )%

confidence intervals for the mean value of y and future observed value of y at X = Xy . The upper
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and lower confidence limitsfor y | Xy arereferred to asthe limits of prediction for afuturey
value.

\2 <\2
g ﬁo+leOita/zse,/%+% 28 Yix ﬁwﬁmita/zseJH#% @9)

I11. Goodness of Fit: Checking the Adequacy of the M odel

Asin the analysis of variance we decompose each y measurement into its contributing terms.
Y =y+(%-y)+(v-%) (30

The first term approximates the i’ th score by the sample mean. The second term corrects the
sample mean by the regression model estimate to take into account y' s dependence on x. The last
termisthei’th residual and representsy’ s supposedly random departure from the regression
model. If there is no relationship between x and y, the best estimate for any y value would be the
sample mean. Under this circumstance the model estimate ; should be close toy for every value
of x. For asimple linear regression this means that the regression slope should be approximately
zero. Slope represents the rate of change of y with respect to x. If y does not depend on x, a
change in x would leave y essentially unchanged. Hence, the dope should be very close to zero.
Stated in contra positive form, a non-zero regression slope is evidence of arelationship between x
andy.

Of course thereisavery easy way to literally seeif there’'s arelationship between x and y. Plot
the datal A graph of the data points (X, y; ) , called a scatter diagram, should actually precede any

calculations. The eyeisagreat tool for spotting patterns and relationships. It can happen that a
sophisticated formula based on faulty assumptions can miss a relationship that is quite obvious
from agraph. Thisis especially important in considering transformations on the data that could
result in alinear fit.

Rewriting eguation (30) to solve for the variation in y gives the following.

2 =35 -9)+ (-5

J
=
<

Now,

n n n n
Y-V =5)=2 5 (= 5) -T2 (=) =B % (%= 5)+(Bo- ) 2 (%~ )
i=1 i=1 i=1 i=1 i=1
From equations (2) and (1) both of the sumsin the last expression are zero. Thus, we have

ssyfi(yi 9> (v -%)7. @Y
i=1 i
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The variation of y about its mean, SSyy , iscalled the Total Variation. The second sum on the

right side of equation (31) isthe Residual Sum of Squares also called the Error Variation or SSE
which we studied in last section on statistical inference. The first sum on the right side of
equation (31) isalso asum of squares. It is called the Sum of Squares due to Regression or the
Explained Variation. It measures the amount of variation in'y which can be explained by

SSy

changesin x and y' slinear dependence on x. From equation (19), S5y = @ +SSE . Thus, we

conclude that the Explained Variation, SS«, can be easily computed by the following formula.
n ) SS)%,
Se=) (5i-Y) = (32

Theratio of the Explained Variation to the Total Variation is always between 0 and 1. A value of
0 would mean that none of y's variability can be attributed to changesin x. Thisisthe case of a
regression slope of 0. If the value of thisratio is 1, then the Error Variation is 0. The linear model
explains al of the variability iny. We have a“ perfect fit". Theratio is called the coefficient of
determination and is designated by r?.

2
r2 — $P.X — $Xy (33)
SSyy  SSSSyy
. o S B . .
From equation (8), we can also writer < =—22==  which again demonstrates that a regression

slope of zero is equivalent to a coefficient of determination equal to zero.

Note: We have argued that when there is no relationship between x and y, the regression slope
will be closeto zero. Thus, establishing at agiven level of significance the alternative hypothesis
that the regression slope is nonzero, establishes a relationship between x and y . The converseis
not true. A zero regression slope or coefficient of determination does not establish the lack of a
relationship between x and y. Consider the following: Suppose the underlying relationship
between x and y isy = sin(x) and we sample 28 data points with the x values uniformly distributed

ontheinterval [0, 7]. Thisis shown in Figure 3.
Figure3

y =sin{x)

1.2

1':' * ¥ ;'§

0.6 - *
0.4

02 - +*
' - b

nn *
0.a 0.4 1.0 1.5 20 2.5 3.0 3.5

&I [Crata
——Reg Line At
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A regression fit of this datagivesy =y + 0x, i.e., both the regression slope and the coefficient of

determination are zero. A plot of the horizontal regression lineisaso shown in Figure 3. Thereis
certainly adeterministic relationship between y and x. However, the equation that describes this
relationship is not well approximated by a straight line. The horizontal regression line explains
none of the variation of y about its mean. But that does not imply that no explanation is possible.
We just need to use a more sophisticated model. This example, while artificial, doesillustrate the
importance of first generating the scatter plot. Had we done this, we would not even have
attempted the simple linear regression. The calculation of r? can be extended to regressions that
model y with a nonlinear dependence on x.
> [ =F (oo A

[Yi —F (X 5o, Br--- Px J
02— S5 _SSy-S== T

Sy Sy Sy

For the datain Figure 3, the model F(x; £y, 81) = fo + fySin(X) would yield avalue of r? very
closeto 1.

The notation r? would seem to imply that thereisalso anr. Thereisand it is called the sample
correlation coefficient. From equation (33) it is given by

i . (34)
SSSSyy

Since S5,y can be negative r can take on values between -1 and 1. Either extreme corresponds to
r? = 1 and thus a perfect fit.

r =

Note: The formulafor r, unlike the regression slope, is symmetric in x and y. Like the regression
slope there are a multitude of equivalent formulas for r. Some are presented in Table 2.

Table?2

s S [Sul0D DRI NN
ey hl=n o A3 Pz [y (2P]

ZW_ZXZY

cov(xy) _cov(xy)

var (x)var (y)  SxSy zxz_(ZX)z zyz_(zy)z

n n

iz Nt _i=1 - = =
ss  (n-Ussy Vx(=%))-((y-)
1 5% (x-%) 1 (%=X %i-¥ . .
(”‘1)2% Sx (n—l)é( Sx j{ Sy j (n—1)Z X%y
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A negative correlation simply means that x and y move in “opposite” directions. As one variable
increases, the other decreases. Of course, thisis just what we expect when the regression slopeis
negative.

In the physical and engineering sciences where the identification and use of control and response
variables is quite common, r? is usually emphasized and reported more often than isr. In the
social sciences, where most variables have random distributions, r is often considered the more
important statistic.

Sy

From Table 2 we can express the regression slope as ,[}1 =r—=. Thelinear regression model can
Sy

than be expressed asf/zrix+,30 =rix+7—riizy+syr[ﬂj. Rearranging this
Sx Sx Sx Sx
result, Y :r[x—xj' If we define the mode! or predicted z score as 2, Y=Y thelinear
5 | s 5

regression model statesthat z, =r - z,. This equation explains the origin of the name *regression

analysis’. Large z, scores correspond to x scores which are significantly different than the mean.
For these scores the regression model predicts y scores that are also removed from the mean;
however, since —1 < r < 1, the predicted y scores tend to be closer to the mean of y than the
corresponding x scores were to the mean of x. This movement of y to values closer to y was

called a“regression to the mean” and so the whole analysis was given this name.

We started this section with equation (30) and noting its similarity to the representation of y in an
analysis of variance. The Explained Variation associated with the model is like the Treatment
Sum of Squares. We compare the variance in y associated with the model to the residual or error

varianceiny. Thelinear model y= ,Bo + ﬁlx has two statistics, ﬁo and ,Bl However, the model
has only one degree of freedom, since ﬁo =y- ,31? . The second degree of freedom isreally due
to the mean, ¥ , and is not associated with the linear model. Stated differently, two points
determine aline, but the regression line must pass through the point (X, y) . The regression line
has only 1 additional “free” point to choose in fitting the data. More generally a model with k
parameters, ¥=F (x; ﬁo,ﬁl,. . ﬁk) , would have k — 1 degrees of freedom. For the linear model

we summarize the results in an ANOV A table as shown below.

Degrees
Source Sum of Squares of Mean Square
Freedom
n 2
Linear Model | SSec =D (¥ _Sy 1 e
= SS 1
2
Error SE = z yi - Sy n-o ngﬁ
S5 n-2
Total S5,y n-1 sﬁz%
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SSex

The observed F scoreis F :g, and for astated level of significance, ¢, we compare its
valueagainst F, (v;=1v,=n-2). If F>F,(1,n-2), we conclude that the model can explain
more of the variation in y than can be attributed to randomness. Another way to interpret the F
ratio in the context of aregression fit isas follows. The P-value, P=Pr(f >F)inanF
distribution withv; =1and v, =n—2, isthe probability that the observed scatter diagram of y
versus x is due to “pure” chance and is not the result of alinear relationship between x and y.

From equation (33), we can relate the observed F score to the coefficient of

S Sy _(-9Sy_(-9S%SSy

determination, F = = = = :
ermination 362 (SSE)/(n—Z) SSyy—SSeX l—SSeX/SSyy
(n-2)r?

The fundamental notion of a probabilistic model isthat the model should explain everything in
the datathat is capable of explanation. What's |eft over, the residuals, is beyond explanation or
prediction and is to be attributed to randomness. In our treatment of inference on regression
parameters we assumed that this randomness was normally distributed with a variance that did
not vary from point to point. Isthere away to experimentally examine these assumptions? Y es,
look at the residuals! They are supposed to be random. If we see a discernable pattern, that’s not
random. Any pattern seen means an aspect of the data, which is capable of explanation and
should, at least in principle, be incorporated into the model.

One procedure is to plot the residual s versus the independent variable, x. If a pattern is seen, then
strictly speaking the model being used isinadequate and needs to be improved in order to explain
the pattern. Of coursethisis easier said than done. Here is where afundamental knowledge of the
system being studied can be crucial. Can a*“mechanistic” model with parametersintrinsic to the
system be devel oped? Statistical analysisis avery powerful tool, but it is a poor substitute for a
fundamental understanding of the relationship between variables. In situations where no good
mechanistic understanding exists or where a mechanistic approach is too complicated, we resort
to empirical model building. Based on the pattern of residuals, we try different mathematical
modifications of the model. Often this involves adding additional power law termsto the previous
model. A full discussion of this problem is far beyond the scope of these notes and provides more
than enough material for a separate course.

Even when the residuals appear randomly distributed we should examine whether the spread
about zero changes as x changes. The assumption of a constant variance was used in deriving the
methods for inference on the regression parameters. If there is evidence that the variance is not
constant, we should consider doing aweighted least squares analysis.

A normal scores plot of the residuals provides arelatively easy visual check for departures from a
normal distribution.

A second procedure in examining residualsisto plot them versus the order in which the data was
taken. If any pattern appears this may be indicative of a deterministic error in the experimental set

up.
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Toillustrate the idea of examining the plot of residuals versus the independent variable consider
the scatter diagram shown in Figure 4. This was generated in Excel using alinear relationship

between x and y with population parameters, ; = —4.5and ; = 3.6. Random error was

simulated by adding to each y value, calculated fromy = Sy + X, a number, computed by the

formula, sgma*NORMSINV (RAND()). The value of sigmawas 1.4, so that the simulation had &
in N(0, 1.4). The regression dope, intercept and sample correlation coefficient are also displayed.

Figure4
Scatter Plot
-40
-0 Hg\‘ Slope
=
-60 -4.336296
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-an E’"‘k,,_hﬂ
4
-100
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—— Fitt

The plot of residuals versus x for this same set of datais displayed in Figure 5.

Figure5

Residuals Plot
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The pattern certainly appears random. Of course, thisisto be expected given how the deviations
from the linear model were generated.
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The data displayed in figure 6 was generated in Excel using the same linear relationship, but
instead of random error, 1.4* SIN(X) was added to each y value. This represents a deterministic
rather than arandom departure from the linear model.

Figure 6
Scatter Plot
-40
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e d
kjh_% Intercept
70 1 3337193
+* .
Correlation
-80 i Coefficient
Mh, 0.997688
-a0 .\z
.
-100
1 13 15 17 19 21 23 * E;ttﬂ

The plot of residuals versus x for this same set of dataisdisplayed in Figure 7.

Figure?7

Residuals Plot
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Clearly the pattern of residuals is not random! The linear model in Figure 6 has alarger r? and
gives better estimates of the population slope and intercept than the fit in Figure 4. Despite this,
the linear model is not really adequate! There are additional variationsin y that atruly adequate
model should explain.
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IV. Summary of Formulas

First from the set of data points(, y; ) ,1<i <n, calculate the following five sums.

n n n n 5 n 2
in zyi in Yi in ZYi
i=1 i=1 i=1 i=1 i=1
Table3
n
2%
Sample Mean of x .5
X=——
n
n
zyi
Sample Mean of y - o
y=-—
n
n)2
Variation D%
ariation in x n o, G
SS :in B
i=1
n\2
Variationiny n Zyi
%:Zyiz_L
i=1
n n
The Covariation in xy n Exiéyi
Sy =Yy -
i=L n
Sample Linear Regression Slope ﬂl:%
Sample Linear Regression | nter cept ﬁozy—ﬁli
2
Error Variation SSE:SSW—&
Sk
2
| _ Sy
Standard Error of Estimate SE Sy S,
%= Vn-2 n-2
2
. L _ Sy
Explained Variation SSex =——
Sk
Standard Error of the Slope S, =2
P B /S,
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72
X
Standard Error of the I nter cept S, =S, |-+~ —
By % SS,
1, (0-%)°
Standard Error of a Predicted y Mean =S| =+ X0
o n S5«
Standard Error of a Predicted Future 1 (% —Y)Z
Observation Syix, = e 1+H+W

All 100(1- )% ConfidenceIntervalsfor a

Regression Parameter are Computed the
Same Way

U isthe Parameter, U isthe Sample
Estimate, ﬁj isthe Standard Error of the

Sample Estimate, the Critical two-tail t score
has n — 2 Degrees of Freedom

U :Lj ita/z%

All Two Tail Hypothesis Testsare
Performed the Same Way

po—d
Ho:U:UO; H1:U¢U0;t=—
%

If the observed t>ta/2 with n —2 Degrees

of Freedom, the Null Hypothesisis Rejected.

All Right Tail Hypothesis Testsare
Performed the Same Way

U-Ug
If the observed t >ta with n —2 Degr ees of
Freedom, the Null Hypothesisis Regjected.

Ho: U >Ugy; Hi: U<Ug; t=

All Left Tail Hypothesis Testsare
Performed the Same Way

Uy-U

Ho:U<U0; Hl:UEUO;t:

If the observed T > tawith n — 2 Degrees of
Freedom, the Null Hypothesisis Regjected.

Ss2
Coefficient of Deter mination 2__ TN
SS)O(SSW
SSXy
Correlation Coefficient r=
SSXXSSW
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