Derivation of the Normal Distribution Page 1

For abinomial distribution if n the number of trialsis very large and the probability of a success, p, remains constant,
the mean np and the standard deviation o, =,/np(1- p) bothincrease n asincreases. If n=75and p = 0.35, the mean

IS 26.5 and the standard deviation is 4.13. If p stays constant but n isincreased to 200, the center of the distribution
shiftsright to a mean of 70.0. The distribution also “spreads out” with alarger standard deviation of 6.75 and the
probabilities for each category with the class width Ax =1become smaller. Thisis shown in the figure below.

Binomial Probability Distribution; p =0.35; n =75and n =200
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To analyze the behavior as n becomes large it would be easier if the center and spread stayed constant. To achieve this

end we transform from x to z scores. Recall that z=>"*X | sp that yz=<x_ﬂx>=i(<x>—yx)=o and
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6§—<{M—yz} >_<{X ﬂx} >_ X =&=1.Thus, using z scores the distribution stays centered at O

with a constant spread of 1. Asn increases more categories are “sgueezed” into the same space around z = 0, so that
the distribution starts to approach a continuum. To analyze this limit asn — « , consider the probability density which

is the height of the rectangle for a given value of zin the histogram of the distribution. The total area under the
n

n
histogram represents the probability of the sample space and so must be one. 1= Z P(x) :Z P(x)Ax, whereAx=1
x=0 x=0
is the difference between consecutive values of x and is the width of each of the rectangles in the probability
histogram. The area under the probability histogram of zmust also equal one. The width of the rectanglesin the z
score histogram is the difference between consecutive z values and is given by

X— My ) _Ax AX _ 1
ox \np(1-p) /np(1-p)
So that the total area under the histogram remain 1, we define the probability density function f(z) as

f (z):%: P(x)\/np(l— p) =\/np(1— p)[:j p*(1-p)", where x=o0,z+ 1y .
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n

Then)' f(2)Az=) P(x)Ax=1.
z x=0
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Binomial Probability Distribution; n =75,p =0.35
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Binomial Probability Distribution; n =200,p =0.35
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Now, the difference between two consecutive probabilitiesis given by
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AP=P(x+1)-P(x) =£X2J P (1- p)”‘“—@ p*(1- p)™*
o e )
e e s

So that the difference in the probability density function between two consecutive z scoresis given by

. np(l p)-(1-p)
Af = AP,/np(1- p) nplp
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From the definition of a derivative, we have that ‘;—f _ nmoi—f - _2f (2).. This differential equation describes the
Z AzZ— z
probability density function of the standard normal distribution. Separating variables gives
i =-zdz
f
of
+ —J- zdz
2
Z
In(f)=—2% +c
n( ) 5 +

2 C.-7/2 22
f(z):exp(—7+C)=e e’lc=Ae”?

The constant A is chosen so that the total area under the probability density curveis 1. A is determined by the
following trick using a transformation to polar coordinates.
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= AJ(27)(-0--1) = AV2r

" Ae? 20x = Afw e 2 20 = A\/(J.:o e X/ 2dijw e/ 2dyj
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So A:i and the Normal or Gaussian Probability density functionisgiven by f(z)= e\/g .
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