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Analysis of Variance for Multiple Factors
Two Factor Analysis

Consider two factors (treatments) A and B with A done at a levels and B done at b levels. Within
a given treatment combination of A and B levels, labeled by i and j respectively, r repeated
measurements are made of aresponse variabley. Since the number of measurements for eachi,
level isthe same, this kind of experimental designis called “balanced”. Thek'th scoreinthei, j
treatment combination is designated as
Yi,jk
i isthethetreatment factor index for factor A ; 1<i<a
j isthethe treatment factor index for factor B ; 1< j <b

k labels the scorethe withinthei, j level ; 1<k<r .

The null hypothesis asserts that no treatment population differs from any other. Thus, the scores
in the ab treatment levels should have the same mean and variance. For theoretical convenience,
we will assume the scores are normally distributed with a common variance within each treatment
level, but the tests which follow arefairly robust for departures from normality.

Null Hypothesis: Hg: 4 j=ug for 1<i<a, 1<j<b, where yis the common population

mean of the ab treatment populations. Thus, all of the variation seen in the measured scoresis due
to sample variations, i.e., randomness.

Thetotal number of scoresis n=abr . The average of all scoresis the“grand mean” and is given
by
a b r
2.2 2 ik
— i=lj=1k=1

== ¥

The sample mean of the A B treatment combinationi, j is given by

r
D Viik
k=1 )

YaBi,j = , 2
The sample mean of treatment A at level i is
;
Zb:ZYi,j,k
iz —. @
Similarly, the sample mean of the B treatment at leve | is
iiWM
Vo=t —. (@

ar

Now, the definitions of these means imply that the following sums of deviations vanish.
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> (Yai-V)=0 )
i—1
b
> (%8 -)=0 (6)
=1
Z(VABi,j—VAi)=0 @
=1
a
Z(VABi,j_VBj)=O (8)

=
a
Z(VABi,j—VAi—VBj+V)=O 9)
=
b
> (Yagij~Vai-V&j+Y)=0 (10)
=1
]

Z()’i,j,k—VABi,j)=0 (11)
k=1

Any effects due to treatments should manifest themselves in the deviations of the treatment
sample means from the grand mean. The effects can be listed as follows:

The Effect dueto A at level i: Yai—V

The Effect dueto B at level j: YBj-V

The Interaction Effect of A at level i and B at level j:

(VABi,j —V)—(VAi —V)—(VBJ‘ —)7)=VABi,j “Yai—¥YBjtY
The Residual or Error Effect: Yi,jk — YABi,j

The AB Interaction Effect measures how A and B when both present can cause an effect different
from their separate effects. The Effect due to Error measures the assumed random variation of the
response variable within the trestment combination i, j .

Now, from equation (5), only a-1 of the deviations y, ; —y can beindependently specified.
Similarly, the deviations ygj —y haveb-1 degrees of freedom. The equation for the AB
interaction effect, Yagi j—Yai—Ygj+ Y, definesthe components of an axb matrix. From

equations (9) and (10) both the row and column sums of this matrix are constrained. As a
consequence, in thefirst a—1 rows there are only b—1 independent entries. The entries in the last
row are then completely determined by the column sum requirement. Thus, the AB interaction

has (a—1)x(b—1) degrees of freedom. Finally, from equation (11), for each of theab A and B
factor combinations there arer-1 independent deviations from the sample mean yag ;. The
following table summarizes the degrees of freedom, v , associated with each effect.
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Effect Degrees of Freedom
Grand Mean vy =1
Factor A vap=a-1
Factor B vg=b-1

Interaction of FactorsAB | v, 5 =(a-1)(b-1)

Residual or Error VE = ab(r _1)

Note that the sum of the degrees of freedom is the total number of scoresn = abr.

Formally, we can write the following.
Yiik=Y+(Yai =Y)*+(Yej - )+ (Vaei,j —Vai Ve +¥)+(%. ik~ Yasij) (12)

If the null hypothesisis true and all of the treatment combinations give the same mean result,
then'y should be a fair estimate of every score and the effects just listed all measure random

variation.

Equation (12) can be thought of an orthogonal vector decomposition of the response variabley.
Each of the abr measurements can be thought of as a component of an abr dimensional column
vector.

Yiar ) (V) (Ya1-Y) (YB1—Y)| [ YAB11-YA1-¥B1tY Y111~ YaB 11
YLz | | y| [ Va1-Y| | YB1=Y | | YAB11~YAa1~YB1tY Y112~ YAB 11
Yiir V| [ Ya1-Y| | Y81~V | | YaB11=YA1~-YB1H+Y Yiir —YaB 11
Y21 | || | Ya1-V | | YB2-Y| |YaB12=YAa1~Y¥B2+Y | | Y121~ YAB12
Yi22 | | V| | Ya1-V | |Y82-Y| | YaB12-YAa1~-¥B2*Y | | Y122~ YAB12

= : R o . 13
Y12 y " Ya1-Y T Ye2-v | YaB12=Ya1-YB2tY " Yi2r ~YAB 12 (13
Yiit | | Y| | Yai=V | | Y8Bi =Y | | YaBi,j~Yai—V¥Bjt+Y Yi,j1~ YABi,j
Yi,ir Y |Yai=Y]| | YB8j Y YaBi,j~Yai—YBjtY Yi,ior ~YABi,j
Yabr) \Y) \Yaa=Y) \Vap-V) \YaBab—Yaa~Yeb+Y) (Yabr ~YaBab

From the deviation constraints of equations (5) through (11) the dot product of any two different
column vectors on the right hand side of equation (13) must be zero, i.e., the column vectors on
theright side of equation (13) are mutually orthogonal. The column vector which gives the total
deviation from the grand mean, y; ; x — Y , can be decomposed asthe sum Vp +Vg +Vag + Vg,

where the mutually orthogonal column vectors are given by the following equations.
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Ya1-Y YB1-Y YaB11—YAa1~-YB1tY Y111~ YAB 11
Ya1-Y Ye1-Y YaB11-Ya1—-Ye1tY Y112~ YaB11
Ya1-Y Ye1-Y YaB11-Ya1—- Y1ty Yiir —YAB 11
Ya1-Y Ygo—Y YaB12—Ya1—-YB2+Y Y121~ YAB12
Ya1-Y YB2—Y YaB12-Ya1-Yg2tY Y122~ YAB12

V= ) 'V=_:_'V__ _'_ | Ve = ‘_

A Ya1-Y | BT Vg2-Y| B 7| YaB12-YAa1-YB2+Y | "B 7| Yior —YaB12
Vai—Y YBj—Y YaBi,j—Yai—YBjtY Yi,ji1~ YABi,j
Yai—Y YBj—Y YaBi,j ~Yai—YBjtY Yi,ior ~YABi,j
Yaa—Y Yeb—Y YaBab~—Yaa—YBbt+Y Yab,r ~ YAB ab

Because of the orthogonality condition on the four V vectors, thetotal variationiny can be
decomposed into contributions associated with effects A, B, AB and Error.

a b r 2
S5y =ZZZ(3’LLk ‘7) =(Va +Vg +Vag +Vg )«(Va +Vg +Vag +VE)

i=1 j=1k=1 (14)
= $A + $B + $AB + SSE
a
_ 2
SSa =VaVa =br> (Yai-Y) (15)
i=1
b 2
SSg =VgVB =arZ(VBj —7) (16)
=1
a b 2
SSpg =VaB*VaAB =rZZ(VABi,j —Yai —YBj +7) (17)
i=1j=1
a b r 2
SSE =VEVE =ZZZ()’i,j,k—VABi,j) (18)
i=1 j=1k=1

This decomposition allows us to test the null hypothesis. If the null hypothesisis true then the
mean square of the Effects A, B and AB all estimate the same common population variance of
each A B factor combination. The mean squares are computed as a variation divided by the
associated degrees of freedom.

a 2
< br>(Yai-)
TheMean Square dueto Factor A: MS, = Al= I=1 : (19)
a— a—
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The Mean Square dueto Factor B: MSB=b$Bl= b1 (20)
The Mean Square dueto I nteraction of A with B:
a b
_ _ _ \2
rZZ(YABi,j_YAi_YBj"‘Y)
MSpg=— —AB __ =1i=l 21
AB T (a—1)(b-1) (a—1)(b-1) @)
a b r 2
ZZZ(}’i,j,k—VABi,j)
TheError or Residual Mean Square: MSE = SE_ ijstkal (22)
ab(r-1) ab(r-1)

To test the null hypothesis that all effects measure the same common random variation associated
with the Mean Square due to Error, we compute the observed Fisher F score.
_ Effect Mean Square 23)

F.. =
obs MSE

For agiven level of significance, «r, this value is compared against a critical score calculated
from an F distribution used to compare two variances obtained from sampling variances from two
normally distributed populations. The numerator degrees of freedom is appropriate to the effect in
question and the denominator degrees of freedom is ab(r—1). Thisinformation is easily
summarized in a Two-Factor ANOVA table.

Source Suares | Fresdom | MeanSauare Foo
Factor A SSa a-1 MSp =§S—_A kﬂn—;
Factor B Sk b-1 MSg Z% %
I nteraction AB SSa @-Db-1) | MSpg= (a—s’j?g—l) I\:/ILSA;
Error SSE ab(r - 1) MSE:%
Total Sss, n-1=abr-1 Si:nﬁ—l

Each computed Foss is compared against F,, (Vestet,VE ) for astated level of significance, o .
If Fops < Fy (Veffect:VE ) » Wefail to reject the null hypothesis that the effect is just an alias for

random error (variation). If Fo,s > Fyy (Vesfect VE ) » WeTgect Hg and conclude the effect in

guestion isreal. Note: It is possible that the AB Interaction Effect can test as significant even
when one or both of the separate A Factor and B Factor Effects are insignificant.
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Two Factor Analysiswith Replication

A problem that often occurs, particularly in industry or manufacturing, is that of Replication. This
refers to seemingly uncontrolled variation in measurements made on what are nominally samples
set up under identical treatments. This can sometimes be attributed to uncontrolled factors that
vary at thetime of unit construction such as barometric pressure, humidity, human assembly
variations, etc. Replication can be thought of as including time as a factor in product

performance. As aresult, if two treatment factors A and B are already being considered,
Replication can be treated as a third factor to beincluded in a three factor analysis (see the next
section). A simpler, if less complete, approach is to ignore Replication interaction effects with the
other treatment factors, but ill introduce a main effect due to Replication.

Consider two factors (treatments) A and B with A done at a levels and B done at b levels. Within
agiven treatment combination of A and B levelslabeed by i, j , there were c replications donein
random order at different times of r repeated measurements of a response variabley. Once again,
since the number of measurements for each i, j replication leve is the same, the experimental
design is balanced. Thek'th scoreinthei, j trestment combination and g'th replication is
designated as
Yi,i.0.k

i isthethe treatment factor index for factor A ; 1<i<a

j isthethe treatment factor index for factor B ; 1< j <b

gisthereplicationindex ; 1< g<c

k labels the scorethe withinthei, j, g level ; 1<k<r .

The null hypothesis asserts that no treatment population differs from any other. Thus, the scores
in the abc treatment levelg/replications should all have the same mean and variance. Again we
will assume the scores are normally distributed with a common variance within each treatment/
replication level.

Null Hypothesis: Ho: 4 jg=#o for 1<i<a, 1<j<b, 1<g<c, where yqis the common

population mean of the abc treatment populations. All of the variation seen in the measured
scores is due to randomness.

Thetotal number of scoresis n=abcr . The*grand mean” is given by
a b cr

2.2 2.2 Viak

— _i=1j=1g=1k=1
y aber
The sample mean of the A B treatment combination i, j and replication g is given by

;
2 Yij.ak

VABi,j,g:k_f-(ZS)

(24)

The sample mean of the A B treatment combination i, j over all replications is given by

c r
2. Vijgk
g=1k=1
Ccr

YaBi,j = (26)
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The sample mean of treatment A at Ievel [ is

ZZZyugk

j=1g=1k=1
ber

Yai=

Similarly, the sample mean of the B treatment at level j is

ZZZyugk

_idguka
YBj = acr

Once again these definitions imply deviation constraints.

a
Z(VABl i 73j)=0

a
Z(VABl i—YAi—YBj +7)=0

(27)

(28)

(29)

(30)

(31)

(32)

(33)
i=1
b
Z(YABlj —Yai—YBj +7)=0 (34)
j=1
Cc
Z(YABi,j,g—VABi,j)=0 (35)
g=1
;
Z(yi,j,g,k—VABi,j,g)=0 (36)
k=1
The effects of the Treatments/Replications are listed as follows:
The Effect dueto A at level i: Yai—Y
The Effect dueto B at level j: yBj—Y
The Interaction Effect of A at level i and B at level j:
(VABi,j —V)—(VAi —V)—(VBJ‘ —)7)=VABi,j “Yai—YBjtY
The Replication Effect: YABi,j,g ~ YABI,j
The Residual or Error Effect: Yi,i,ak — YABi,j.g
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The degrees of freedom associated with Effects A, B, and AB are the same as in the last section.
From equation (35), for each of the ab combinations of A and B factors, therearec-1

independent deviations, Yagi,j.g — YaBi,j- Fromequation (36), for each of theabc A and B
Factor/Replication combinations there arer—1 independent deviations from the sample mean
YaBi,j,g- 1hefollowing table summarizes the degrees of freedom, v, associated with each
effect.

Effect Degrees of Freedom
Grand Mean vy =1
Factor A va =a-1
Factor B vg=b-1
Interaction of FactorsAB | v, =(a-1)(b-2)
Replication G vg =ab(c-1)
Residual or Error ve =abe(r -1)

Note that the sum of the degrees of freedom is still the total nhumber of scores n = abcr.

Formally, we can write the following.

Yiigk =Y+ (Yai = V) +(Vej - ¥)+(Vai ~Yai ~ V8 +¥)+(Vaeijg —Vagij) @
+(Yi,j,g,k—7ABi,j,g)

If the null hypothesisis true and all of the treatment combinations give the same mean result, then
the effectsjust listed all measure the same random departure from the grand mean.

The constraint equations (29) through (36) verify that equation (37) describes an orthogonal
vector decomposition of the response variabley. Each of the abcr measurements can be thought
of as acomponent of an abcr dimensional column vector. The column vector which gives the

total deviation from the grand mean, Y, j 4.k — ¥ , can be decomposed as the sum of the five
mutually orthogonal column vectors, Vp +Vg +Vag +Vg +VE.
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Ya1—Y
Ya1—Y
Ya1—Y
Ya1—Y
Ya1—Y

Ya1—Y

Because of the orthogonality condition on the five V vectors, the total variation iny can be
decomposed into contributions associated with effects A, B, AB, G(Replication) and Error.

ab cr

2
$y =ZZ ZZ(yi’j’g’k —V) =(VA +VB +VAB +VG +VE )'(VA +VB +VAB +VG +VE)

i=1 j=1g=1k=1

Ye1—Y
Ye1—Y

Ye1—Y
Ye2—Y
Ye2—Y
| Ve2-Y ;
YBj—VY

YBj—VY

Yeb—Y
YaB 111~ YAB 1.1

YaB 111~ YAB 1.1

YaB 111~ YAB 1.1
YaB 112~ YAB 11
YaB 112~ YAB 11

YaB112—-YaB11 |’

YABi,j,g ~ YABi,j

YABi,j,g ~ YABi,j

YaB ap,c — YABab

=85\ +S55 +SSpp + S + SSE

a
2
SSp =VaVa =ber > (Vai —Y)

i=1

Al Lehnen

VaB =

YaB11—Ya1—YB1tY
YaB11—Ya1—YB1tY

YaB11—Ya1—YB1tY
YaB12-Ya1—YB2tY
YaB12-Ya1—YB2tY
YaB12-Ya1—YB2tY
YaBi,j—YAi—YBjtY
YaBi,j—YAi—YBjtY
YaBab~Yaa—YBbtY

Y1111~ YAB 111
Y1112 — YAB 111

Yi11r — YaB 111
Y1121~ YAB 112
Y1122~ YAB 112
Yi12r — YAB 112

Yi,i.g1~ YABi,j.g

Yi,j.gr — YABi,j.g

Yab,cr — YABab,c
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b 2
S =VgVg=acry (Vs - V)
=1
a b 2
SSpg =VaB*VaB =CVZZ(VABi,j —Yai —¥Bj +7)
i=1 j=1
a b c 2
SSG=VG°VG=rZZZ(VABi,j,g—VABi,j)
i=1 j=1g=1
ab cr 2
SSE=VE°VE=ZZZZ()’i,j,g,k—VABi,j,g)

i=1 j=1g=1k=1

Page 10

(40)

(41)

(42)

(43)

If the null hypothesisiis true then the mean square of the Effects A, B, AB and G all estimate the
same common population variance of each A B factor combination. The mean squares are

computed as a variation divided by the associated degrees of freedom.

The Mean Square dueto Factor A:

a
2
ber > (Yai - V)
MS, = A _ =l
A
a-1 a-1

The Mean Square dueto Factor B:

The Mean Square dueto I nteraction of A with B:

a b 5
o> (Yaij ~Yai~VBj +Y)

$AB i=1j=1
MSyg = =
AB ™~ (a-1)(b-1) (a—1)(b-1)
The Mean Square due to Replication:
a b c 2
rZZZ(VABi,j,g—VABi,j)
MSg = S i=tj=lg=l
ab(c-1) ab(c-1)
TheError or Residual Mean Square:
a b cr >
2222 Mgk Yasig)
MSE = _ i=lj=1g=1k=1
abc(r -1) abc(r -1)
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To test the null hypothesis that all effects measure the same common random variation associated
with the Mean Square due to Error, we compute the observed Fisher F score.
Effect Mean Square (49)

Fohs =
obs MSE

For agiven level of significance, «r, this value is compared against a critical score calculated
from an F distribution used to compare two variances obtained from sampling variances from two
normally distributed populations. The numerator degrees of freedom is appropriate to the effect in
question and the denominator degrees of freedom is abc(r—1). Thisinformation is summarized in
a Two-Factor ANOVA table.

e | Sod | TG | venswae [
Factor A SSa a-1 MSp =§S—_A kﬂn—;
Factor B Sk b-1 MSg Z% %

Interaction AB SSag (a-1)(b-1) | MSap :% I\:/ISSA;
Replication S ab(c-1) MSg :% %
Error SSE abc(r - 1) MSE:%
Total Sss, n-1=abecr -1 Si:nﬁ—l

Each computed Fqss is compared against F,, (Vesfect,VE ) fOr astated level of significance, o .
If Fops < Fy (Veffect:VE ) » Wefail to reject the null hypothesis that the effect is just an alias for

random error (variation). If Fo,s > Fyy (Vesfect VE ) » WeTgect Hg and conclude the effect in

guestion isreal. Note: It is possible that either the AB Interaction Effect or the Replication Effect
can test as significant even when one or both of the separate A Factor and B Factor Effects are
insignificant.

To facilitate the actual calculations, we define the following intermediate variables.
r

r 2
Tijg =2 Yijok (50) Qjg=2(Yijok) (51)
k=1 k=1
C C
Ti=2Tiig 5  Q;j=2Qg (53)
g=1 g=1
b ¢ 2 b
Cai=2 2 (Tiig) G4 Tai=2Tij (55)
j=1g=1 j=1
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a a b
Taj = T] (56) T=22>T (57)
i=1 i=1j=1
b b
2
Wai=> (T j) 58  Qui=2.Q (59)
= =1
_ Ta _ Ty _ T
Voig="20 (60 Yagij=—k ) Yai=Al 62 yg=2l (63 y=_ (69
Now,
a 2 a 2 a 2 2
Ta T 1 2 T T 1 2 2T T
Sy =borS AL L | = =S (Ta ) —2=Tai = |=—| S (Ta: ) - +a—
A Crié(bcr abcrj bcré[(A') 3 A|+a2J bcr(E(A') a aZJ
1[& 2 T?
= Ta : -
ber (,;( Al J
b Ty T V2 1 & > T 12) 1 [& 5 o2 T2
= =l BN N To: ) =2oTo i+ |=—— To: ) =5 4 p—
8 acrjzzzl(acr abcrj acer::1<81) b B2 | T acr E( 5 b b2
b 2
1 2 T
- Th:)] ——
acr {le< B‘) bJ
SS 20Ty Tai Toj T Y
AB —créjzz:l o ber acr | aber
a b 2 (T Ta 2
=izz Tij_h -2 Tij_h Bj_T + Bi T
or = ' b ' b a ab a ab
i=1j=1
[ 2
1|2 b[ TA-jZ 28 T\ Tai), (Tej T
~ 3Ty 25 - 37 AL e -
@liaa b a3 b)Z5 b “la a
2 b 2 b 2
1 2 2T (Tai)™| 2 Ty, 1 T
== 22 (M) == T+ 2T~ | 22| Tei ¢
cr iljl{( ) b b2 aig b a‘g b
a b 2 138 s 1 b 2 9T T2
o 22 i) X 52 (Te)) 5 Tei + 7
Li=1]=1 i= j=
1] &L 2 13 2 1 2 T2
7[22@,;) S L
i=1j=1 i=1 =1
1] & 12 2 12 2 T2
= S Wy — =S (Ta )P == (T ) +—
Cr[iZi A bé( Ai) ajzz:l( BJ) ab
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2 b| c c . 2
& 13 2 2Ty T,
so-r 335 e T35 Sy T sy M)
i=1j=1g=1 i=1j=1| g=1 g=
1 c 2 (Ti))’ 13 Wa i
=?ZZ Z( .,g) T ¢ ‘?Z(CAI‘ c j
i=1j=1 g=1 i=1
a b cr T-- 2 aboc|r 2T, T 2
s 3355 g0 B0 =zzz[z<y.,gk>2——2y.,gk+—< !
i=1 j=1g=1k=1 i=1 j=1g=1| k=1 k=1

2 St i) | 385, (sl g, e

i=1 j=1g=1| k=1 i=1j=1g=1 i=

Mm

Finally, as a check, the Total Variation must be the sum of the Effect Variations

ab cr a b cr
Yi.j.gk ~ j Yijok) ~o-=2. Qi —
Sy = lez_lgz_lkzl( 119K Gner %jz—:lgz—lkz:l( 11,9, ) abcr % Al abcr
SSp +SS55 + SSpp + S5 +SSE
|1 a 2 T2 12 2 a s 1 & 2
(EE(W ‘—abcngjzl(TBi) ‘EJ {c NE-NLY oo 2Te1)

1 a 1 a a 1 a a T2
+(?§CAi —EEWAiJ-F(EQAi —?ECAi J=EQAi _%

So a scheme to calculate a Two-Factor with Replication analysis of varianceis to lay out the data
in a spreadsheet, with adjacent rows in a given column representing the different A B Factor and
Replication combinations (i, j, g) . For each such grouping of scores, calculate the sum of scores,
r r
2
Tijg = 2. Vi j.g.k » ad the sum of squares of scores, Q j g = (Vij,gk) - Thencalculatethe
k=1 k=1

Q (T 2 /r

1,].9 I,J,g) “Th
r-1

latter is calculated for inspection purposes. Based on the values of the sample variancesiis it

reasonable to assume that all of the treatment and replication combinations have the same

population variance? Next calculate the sums given by equations (52) through (59). From these

results construct the Two-Factor ANOVA table and test whether any of the Effects are

significant.

T
g e

sample mean, Yagi j g = and the sample variance, SAB, ig=
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Sour ce Sum of Squares Mean Square Fobs
1(& > T2 SSy MS,
A =[S (Tai)*-— MSy = A oA
A bcr(i;(A') a} AT a1 MSE
B -1 Zb:(T )Z_ﬁ MS, = B MSg
acr | 3 Bl b b-1 MSE
1] & 13 2 12 2 T2 SSas MSag
AB Sag=—| D Wai—=—D> (Tai) —=D (Tgi) +— AB = —0=
AB Cr[izl: A bé( Ai) ajZ:l( BJ) ab (a-1)(b-12) MSE
1< Wai S MSe
G —23 gy AL MSg=—0 _ Mes
IS ST | e
a
_ _Cai MSE = o
Error SSE—%[QAl —T] abc(r —1)
$y=$A+$3+$AB+$3+$E
roa Sou-m e
— IN cr —
<7 aber

Three Factor Analysis

Now consider three factors (treatments) A, B and C with A done at alevelsand B doneat b
levels, C doneat c levels. Within a given treatment combination of A, B and C levels labeled by i,
j » mtherewerer repeated measurements of aresponse variabley. Once again, since the number
of measurements for eachii, j, mleve is the same, the experimental design is balanced. Thek'th
scoreinthei, j, mtreatment combination is designated as

Yi,j.mk
i isthetreatment factor index for factor A ; 1<i<a
j isthetreatment factor index for factor B ; 1< j<b

m s the treatment factor index for factor C; 1<m<c
k labels the score the withinthei, j, mleve ; 1<k<r .

The null hypothesis asserts that no treatment population differs from any other. Thus, the scores
in the abc treatment levels should all have the same mean and variance. Again we will assumethe
scores are normally distributed with a common variance within each i, j, m treatment
combination.

Null Hypothesis: Ho: #4 jm=#p for 1si<a, 1<j<b, 1<sm<c, where yyisthe common

population mean of the abc treatment populations. All of the variation seen in the measured
scores is due to randomness.

Thetotal number of scoresis n=abcr . The*grand mean” is given by
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iiii%,jmk

_i=lj=lm=lk=l

y= b . (65)
Cr
The sample mean of the A B C treatment combination i, j, mis given by
r
Z Yi,j,mk
VABCi,j,m=k:1—- (66)

r

The three sample means of the two-way combinations A and B at levelsi and j, A and C at levels
i and m, and B and C at levelsj and m are given by the following.

c J a r
YaABi,j = - YACim= T YBCjm= ar

Similar calculations give the sample means of treatment A at level i, treatment B at level j, and
treatment C at level m.

b c r a c r a b r
PIDIP I BRI, 222 himk 7y 22 2%imk (7

o _ j=lm=lk=l Vo . = i=Lm=lk=1 . = 1=li=1k=1
Yai= bor YBj acr Ycm abr
Again these definitions imply constraints for the sums of deviations.

a b

> (i ~¥)=0 (73 > (Y8j-¥)=0 (74)

i=1 =1

Cc

> (Yem—)=0 (75) > (a8i,j ~Yai)=0 (76)

m=1 j=1

a Cc

> (Yagi,j - V8j)=0 (77) > (Yacim-Yai)=0 (78)

i= m=1

a Cc

> (Yacim=Ycm)=0 (79) > (Yecjm-Vsj)=0 (80)

i=1 m=1

b a

Z(VBCj,m—VCm)=0 (81) Z(VABCi,j,m—VBCj,m)=O (82)

i=1 i=1

b c

Z(VABCi,j,m—VACi,m)=0 (83) Z(VABCi,j,m—VABi,j)=O (84)

j=1 m=1

b ¢ a c

ZZ(YABCi,j,m—VAi)=0 (85) ZZ(VABCi,j,m_VBj)ZO (86)

j=lm=1 i=1m=1
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a b r
ZZ(VABCi,j,m—VCm)=O (87) Z(Vi,j,m,k—VABc:i,j,m)=0 (88)
i=1j=1 k=1

The effects in the Three Factor analysis of arelisted as follows:

The Effect dueto Factor A at leve i: Yai -V
The Effect dueto Factor Bat level j:  Ygj -y

The Effect dueto Factor Cat levelm: Yo =Y

The Two-Factor Interaction Effect of A at level i and B at level j:
(Yagij—Y)-(Yai-Y)-(¥8j - Y)=Vasi-Yai-Ysj +¥

The Two-Factor Interaction Effect of A at level i and C at level m:
(Yacim=Y)-(Yai =¥)-(Yem=Y)=Yacim—Yai —Yem+V

The Two-Factor Interaction Effect of B at level j and C at level m:

(Yacim=Y)=(Y8j =¥)~(Yem—Y)=Yacjm—Yej ~Ycm*¥

The Three-Factor Interaction Effect of A at level i, B at leve j, and C at level m:
(Yascijm—Y)-(Yagij—Yai-Y8j +¥)-(Yacim—Yai —Yem+Y)—(Yecjm—Ysj - Ycm+Y)

~(Yai =Y)~ (Y8} ~¥)~(Yem—Y)=Yagci,jm—Yagi,j ~Yacim—Yacim+ Yai + V&j + Yem—Y
The Residual or Error Effect: Yi,j,mk — YABi,j,m

Now since the sums of deviationsis zero, i.e., from eguations (73) through (87), the sum over any
occurring index of the Factor effects, the Two-Factor interactions and the Three-Factor
interaction vanishes. For example, the sum over j of the Three-Factor Interaction is zero by
equations (83), (76), (81) and (74).

b

Z(VABCi,j,m—VABi,j ~Yacim~YBcjmtYai tVBj +VCm—)7)=
=1
b b b b

Z(VABCi,j,m —VACi,m)+Z(VAi ~YABi,j )+Z(VCm— yBCj,m)"'Z(VBj - V) =
j=1 j=1 j=1 j=1
0+0+0+0=0

Thus, for the Three-Factor interaction only thefirst (b—1) of thej components are independent.
Similar constraints apply to thei and m components, so the degrees of freedom of the Three-
Factor interaction is (a—1)(b—-1)(c-1) . The degrees of freedom associated with Effects A, B, C
and the Two-Factor interactions are what we would expect from the Two Factor Analysis. From
equation (88), for each of the abc combinations of A, B and C factors, there arer-1 independent

deviations, Vi,j,m,k —YaBC i,j,m-
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The following table summarizes the degrees of freedom, v , associated with each effect.

Effect Degrees of Freedom
Grand Mean vy =1
Factor A vp=a-1
Factor B vg=b-1
Factor C vc=c-1
Two-Factor Interaction of Factors AB vag =(a-1)(b-1)
Two-Factor Interaction of Factors AC vac =(a-1)(c-1)
Two-Factor Interaction of Factors BC vee =(b-1)(c-1)
Three-Factor Interaction of FactorsABC | v, 5~ =(a-1)(b-1)(c-1)
Residual or Error vg = abe(r -1)

Note that the sum of the degrees of freedom is still the total humber of scores n = abcr.

If the null hypothesisis true and all of the treatment combinations give the same mean result, and
the eight effects just listed all measure the same random departure from the grand mean.

Formally, we can write the following.

Yijok=Y+(Yai—¥)+(¥8j—¥)+(Ycm—Y)
+(VABi,j ~Yai ~¥Bj +V)+(7ACi,j ~YAi —VCm+7)+(VBCi,m—VBj —VCm+7) (@)
+(VABCi,j,m—VABi,j —Yacim—Y¥scjmtYaitV¥sj +VCm—V)

+(Yi,j,m,k—7ABCi,j,m)

The zero sum constraint of each effect insures that equation (89) describes an orthogonal vector
decomposition of the response variabley. The column vector which gives the total deviation from
the grand mean, Y; j mk — Y , can be decomposed as the sum of the eight mutually orthogonal

column vectors, Va +Vg +Ve +Vag +Vac +Vee +Vagce + Ve, With each vector associated with

an effect. The orthogonality condition on the eight V vectors means that the total variation iny
can be decomposed into contributions associated with the eight effects A, B, C, AB, AC, BC,
ABC and Error.

a r

ssy =Z§i§(>’i,jmk -y)

i=1 j=lm=1k=1 (90)
= (VA +VB +VC +VAB +VAC +VBC +VABC +VE )'(VA +VB +VC +VAB +VAC +VBC +VABC +VE)
=$A +$B+$C+$AB+$AC+$BC+$ABC+$E
a
— —\2
SSp =VaVa =ber > (Vai —Y) (91)

i=1
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b 2
Sz =VgVg = ach(VBj —7)
=1
Cc

550=Vc°Vc=aer(VCm—7)2
m=1
a b 2
SSag =VaB*VaB =CrZZ(7ABi,j —Yai ~YBj +7)
i=1j=1
a C 2
SSac =VacVac=br>. > (Yacim-Yai -Yem+Y)
i=1m=1
b ¢ 2
SSgc=VacVac=ary. > (Vecjm-Ys8j ~Yem+Y)
j=1lm=1
a b ¢ >
SSABC=VABC°VABC=rZZZ(VABCi,j,m—VABi,j—VACi,m—VBCj,m+VAi+VBj+VCm—V)
i=1 j=1m=1
ab cr >
SSE=VE°VE=ZZZZ(Yi,j,m,k—VABi,j,m)
i=1 j=Llm=1k=1

If the null hypothesis is true then the mean square of the Effects A, B, C, AB, AC, BC and ABC
al estimate the same common population variance of each A B factor combination. The mean
squares are computed as a variation divided by the associated degrees of freedom.

bor'S (a1 -9

The Mean Square due to Factor A: MSA=SSA1= =1 : (99)
a- a-

b 2
acry (Ve - V)

The Mean Square dueto Factor B: MSg = b$81: jzlb : (100)

The Mean Square dueto Factor C: MSg = SSC1= m=1 : (101)
c- c—

The Mean Square due to theTwo-Factor | nteraction of A with B:

a b 2
CVZZ(VABi,j —Yai—¥Bj +7) (102)
$AB _iAlj=1

(a-1)(b-1) (a-1)(b-1)

MSag =
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The Mean Squar e due to theTwo-Factor | nteraction of A with C:

erZ(VACi,m—VAi —VCm+7)2 (103)
SSac __ icima
(a-1)(c-1) (a-1)(c-1)

The Mean Squar e due to theTwo-Factor | nteraction of B with C:

MSAC =

b ¢ 2
arZZ(VBCj,m_VBj_VCm"‘V) (104)
MSgc = SSgc _ j=ElmeL
€ (b-1)(c-1) (b-1)(c-1)
The Mean Square due to theT hree-Factor Interaction of A,B and C:

SSaB
MSpgc = >

(a-1)(b-1)(c-1)
a b c 2
ZZZ(YABCi,j,m—VABi,j—VACi,m—VBCj,m+VAi+VBj+VCm—7)
i=1 j=1m=1

(a-1)(b-1)(c-1)

(105)

TheError or Residual Mean Square:

a b cr 2
Yi,j,mk — YABCI,j,
zéjzz:ln%lkzz:l( i,j,mk ABCi,j m) (106)
abc(r -1) abc(r -1)

To test the null hypothesis that all effects measure the same common random variation associated
with the Mean Square due to Error, we compute the observed Fisher F score.

Effect Mean Square (107)
MSE

Fobs =

For agiven level of significance, «r, this value is compared against a critical score calculated
from an F distribution used to compare two variances obtained from sampling variances from two
normally distributed populations. The numerator degrees of freedom is appropriate to the effect in
question and the denominator degrees of freedom is abc(r—1). Thisinformation is summarized in
a Three-Factor ANOVA table.

Sum of
Degrees of

Sour ce Squsare Fr eedom Mean Square Fobs
SSy MSy
Factor A SSh a-1 MS, =—= —
A a— MSE
S5 Mg
Factor B b-1 MSg =—= —
S5 ®=p 1 MSE
S MS:

Factor C S c-1 MS-~ =—%
S c-1 MSE

Al Lehnen Madison Area Technical College 1/9/2009



Multiple Factor ANOVA Notes Page 20

S5 M
Interaction AB SSaB @-b-1) MSag ZW?E_l) MS:'SA‘;
S5 MS
Interaction AC SSac @-(c-1) MSac :W?g—l) MSA;EC
M
Interaction BC Sk (b-D(c-1) MSgc =$ MS;C
MSape = SABC MSapc
Interaction ABC sc | (@-1)(b-1)(c-1) ABC ™ (a—1)(b-1)(c-1) | M
SSaBC
SSE
Error SSE abe(r — 1) MSE = abc(r —1)
Total Sss, n-1=abcr -1 Si:ﬁl
n_

Each computed Fqss is compared against F,, (Vesfect,VE ) fOr astated level of significance, o .
If Fops < Fy (Veffect:VE ) » Wefail to reject the null hypothesis that the effect is just an alias for

random error (variation). If Fyps > Fyy (Vesfect VE ) » WeTgect Hg and conclude the effect in
questionisreal.

As this presentation demonstrates when there are many factors the analysis is quite complicated
dueto al of the interaction effects. In addition, the number of experimental runs increases as the
product of the number of levels of each factor. To ease time, expense and analysis often only two
levels are considered for each factor. Of course thisresults in aloss of detail, however, when
there are many factors a“ pilot experiment” done at two levels per factor can be used to diminate
insignificant factors. Such an experiment run with n factorsis called a 2" Factorial
Experimental Design. The use of only two levels considerably reduces the complexity of the
analysis. Still 2" isabig number for large n. For example, ten factors, which in an industrial
process is not unreasonable, would require 1024 treatment groups ignoring replications! Thisis
usually still too expensive. Fortunately, most higher order factor interactions turn out to be
insignificant. Using the Design M atrix of the 2" Factorial Design, one can “alias’ factors with
specific higher order interactions to reduce the number of treatment groups. This procedureis
caled a Fractional Factorial Experimental Design. The specific details of 2" Factorial
Experimental Designs and Fractional Factorial Experimental Designs are beyond the scope of
these notes but are provided in the text.
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