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Analysis of Variancefor a One-Way Classification of Data

Consider asingle factor or treatment done at k levels (i.e, thereare 1, 2, 3, ... k different
variations on the prescribed treatment). Within a given treatment level there are n; measurements
or scores. The subscript or index i is between 1 and k and labels the different factor levels or
treatment variations. Thej'th scoreinthei’th level is designated as
Y
i isthethe treatment factor index; 1<i <k
j labels the score the within thei’th treatment: 1< j<n .

Note: It is not required and it is typically not the case that you have an equal number of
measurements from each treatment group.

The null hypothesis asserts that no treatment population differs from any other. Thus, the k
populations of scores of the treatment levels should have the same mean and variance. For
theoretical convenience, we will assume the scores are normally distributed with a common
variance within each treatment level, but the tests which follow are fairly robust for departures
from normality.

Null Hypothesis: Hg: = tp = pz=...

This is equivalent to saying that the k different trestments are redlly just k different samples all
taken from a single population. Thus, al of the variation seen in the measured scores is due to
sample variations, i.e., randomness.

The total number of scoresis i +ny, + g +... N =n. In R. Johnson’s text, this is designated as

upper case N, however, to be consistent with our earlier notation that lower case n is associated
with a sample and upper case with a population, these notes will use n.

k
> n=n 1)
i=1

Theaverage of al scoresis often called the “ grand mean” and is given by

YiitYiatYigteYin Y21t Y22 Y23+ Yo, *o- Yiat Y2 + Y3 - Yien,
- .

y=

For notational convenience, thisis written as a double summation.

kK n
2. 2.%)
i=1j=1

n

y= (2

If the null hypothesisis true and all of the treatments give the same mean result, then 'y should be
afair estimate of every score. Formally, we can write the following.

Yij=V+(%-¥)+(¥%,;-%) &)
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Here Y is the mean of treatment variationii .

N
20
V= @
N

In equation (3), ¥; —y can belooked upon as a correction term to the grand mean to take account
of how treatment group i differs from the grand mean, while y; ; —¥; is an additional correction

term to take care of variations within treatment group i. If the null hypothesisis true, both of
these terms should be of the same magnitude and both reflect random deviations from the grand
mean. From equation (4) within each treatment the sum of the deviations about the treatment
mean vanishes.

n
> (v,j-)=0 (5)
j=1
n
k n k k Z:lyi’j k n
Furthermore, > > (¥ -¥)=>_n¥-y-n=> A 1= -y-n=>>y;-y-n=0,
i =1 i ia A i1

wherethe zero is a consequence of equation (2).
k k
>2(%-Y)=2n%-yn=0  (§
|:1 j:]. |:1
So, the sum of the deviations of the treatment means about the grand mean vanishes. This means
that the sample means have k — 1 degrees of freedom since only k— 1 of them can be arbitrarily

specified given the value of the grand mean.

Consider thetotal variation of y, the sum of squared deviations of each score about the grand
mean. The deviation of any scoreis given by the following.

Yii-V=(%;-%)+%-y) @

So the sum of squared deviations or total variationiny is

ii(yi’j o :Zk:%{(y"j ~51) 205 -9) (%, = %)+ (3 —V)Z} ®

i=1j=1 i=1j=1
k n
Now from equation (5), D> 2(V, —7)(yu —Vi)=22(7i —V)Z(Yi,j —Vi)=0.
i=1j=1 i=1 j=1
So thetotal variation iny is made up of two contributions.

Ssyzzk:%(yi,j _V)ZZZK:%[(YM —Vi)2+(7i —V)2}=SSE+SSH 9)

i=1j=1 i=1j=1
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n

k k
s =Y n(w-y)° (19 sE=33(vi;-%) @

i i=1j=1

Theterm SSy, isthe Treatment sum of squares and represents that part of the total variationiny
that is due to the differences between the treatments (factor levels). Thisvariation hask — 1
degrees of freedom. The second term, SSE, istheresidual (left over) variation dueto differences
in scores within the different trestment groups. Thei’th trestment level hasn, —1 degrees of
freedom due to the constraint imposed by equation (5). The total degrees of freedom of the
residual or Error sum of squared deviations is given by
k k

> (h-1)=>.n-k=n-k (12)

i=1 i=1
The sum of the degrees of freedom of the treatment sum of squares and the error sum of sgquares
is k—1+n—k=n-1. Thisisthe degrees of freedom of thetotal variationSS, . Thisisn—1

since the grand mean “uses up” a degree of freedom. R. Johnson’s text uses the notation SST for

SSy and SY(Tr) for SSyy .

If the null hypothesisis indeed true, then the mean squares of treatment and error both estimate
the same common population of each treatment population. The mean squares are computed as a
variation divided by associated degrees of freedom.

N2
>n(%-y)
The Treatment or Between Mean Square:  MSy, = isrrl ==l 1 (13)
k N 2
(Yi,j —Yi)
TheError or Within Mean Square.  MSE = SSli == " (14)
n— n—

To test the null hypothesis that all treatment levels have the same mean, we compute the observed
Fisher F score.

F=MSr )
MSE

For agiven level of significance, «r, this value is compared against a critical score calculated
from an F distribution used to compare two variances obtained from sampling variances from two
normally distributed populations. The numerator degrees of freedom is k — 1 and the denominator

degrees of freedomisn—k. If F>F,(k—1n-k), thenull hypothesisis rejected, while if
F <F,(k-Ln-k)wefail torejectHy.

To facilitate the actual calculations, we define the following intermediate variables.
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n K 12
T=>%; (18 A=> - (19
i=1 i:lni
n 5 k
B=>(w;) a7 T=>T (19)
j=1 i=1
k
B=YB (20)
i=1
From equations (2) and (4),
_ T =
Vi =t (21) y= (22)
1
5 T
Also thei’th sample varianceis given by 912= r; . (23)
k k 2 k 2 k k +2 2
—_ o Ti T T T T
Now, SSn=Zr1(yi2—2yiy+y2)=Zn[—'j 2y Yty =) -,
i=1 iz1 \M i-1 i= NI
T2
SSp=A-—. (24)
Similarly,
koo, LI R k k T_aniszz
595=ZZ(Yi,j—2ViYi,j+7i )=ZZYi,j—227iTi +Zﬂi(—'j =22V %
i=1j=1 i=1j=1 i—1 i1 ) 3o i1 M
SE=B-A. (25

Finally, as a check, the total variation must be the sum of treatment and error variations.

k Ny L ) k ny , T2
Sy =23 (%i=Y) =X X2 D v+ Y =B —
=11

i=1j=1
T2
={A—TJ+(B—A)=SSTr +SSE

From equations (13) and (14), the mean squares are given by the following.

i=1j=1
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2
ss; A=l
The Treatment or Between Mean Square:  MSy, = > rl=k—£' (26)
TheError or Within Mean Squar e MSE:%: B_kA 27
n-k n-

So a scheme to calculate a one-way classification analysis of varianceisto lay out the datain
columns as in a spreadsheet, with each column representing a different treatment or factor level.
L eave room between treatments for a second column which is the square of the first column.
Thus, each treatment is associated with a pair of columns. Sum the column of scores to obtainT;

and sum the column of squares of scores to obtain B; . Then for each treatment, calculate the
-I—iz

2 B; n

v T i 2 _
sample mean, y; , — and the sample variance 5 = . Then sum over the treatment
N

groupstoobtain T, B, A, andy . Note: The table below should not be interpreted as implying that
the number of rows each column isthe same. In general, itisnot truethat m=ny, =g =---n .

Treatment 1 Treatment 2 Treatment 3 Treatment k
Y11 il Y21 Y51 Y31 Y31 Yk Vi
Y12 Yo Y22 Y5 Y32 Y30 Yk,2 Ve o
Y13 yf3 Y23 y%,g Y33 Y3%,3 Yk.3 y,f,3
2 2 2 2
Yin yL”l Y2,n, y2,n2 Y3n, y3’n3 Yk.n, yk,nk
T ‘ B T By T3 ‘ B; Tk By
Y Y2 V3 Yk
2 2 2 2
S 2 3
. 0 i 2
For each pair of columns: =% Bi=2(y|1)
= =t
k 12 k k -
Summing over thecolumns: A= —— B=YB T=>T y=—
iz = = n

At this point we can construct an ANOVA table.

Sour ce Sum of Squares Degrees of Freedom Mean Squar e
Treatment S =A-T?n k-1 MSr = SSiy /( k— 1)
Error SE=B-A n-k MSE=SSE/(n—K)
Total =B—T?n n-1 2=ﬁ
5 =11
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Compute F _ MSr and compareits value against F, (v; =k-1v, =n-k) for astated level of

MSE
significance, o .
If F<F,(k-1n-k),wefaltorgect Hy: = to= tiz3=... .
If F>F,(k—-1n-k),wereect Hyand concludethat at least two of the population means are
different.

To determine which treatment means are different more testing needs to be done. Some
procedures which are used are Scheffe' s test and Tukey’ s test. However, the method we will use

k(k-1)
2

distinct

k
is multiple—t testing, also known as the Bonferroni procedure. There are (Zj =

pairs of treatments which can be picked from the k different treatment groups. For each such pair
an observed t — scoreis calculated. If this observed scoreis larger in absolute value than a critical
t —score, then the null hypothesis that asserts the equality of the two population means associated
with the two treatments is rejected. Specifically, let ¢ and m stand for the treatment group indices
of the two treatments being examined. Then,

Yo = Vi

tops(,M) = ——F——=
1 1

Sp. |+

N, Ny

is the by now familiar observedt — scorefor comparing two independent sample means. The
absolute value is used since this is a two-sided test for a difference between two populations.
Since we have already assumed that the k treatment populations have measurements which are
normally distributed with a common variance, we use the pooled variance which best estimates
this common within treatment group variance, namely MSE.

B-A
s§=M5E=—k. (29)

(28)

Hence, our observed t — score is computed from

V-5
tops(£,m) = | £ m|
JMSE[nlJ
N, Nmy

Now, one would expect that thist,,s(¢, m) would be compared against a critical t — score
t. =ty /2, Where aisthe level of significance. However, we want « to be the maximum

k) k(k-1
probability of a Typel error for the entir e sequence of m=(2j= ( ) comparisons. If each

(30)

2
comparison were made at alevel of significance of «, then the probability of a Typel error

“somewhere’ in the m comparisons made would bel—(1- )™ . This probability islarger than

« and considerably larger if mislarge To have an actual level of significance of o, we will
thereforeuse t, = toi(2m) » O that the probability of aTypel error in the m comparisons becomes
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m
1- [1—Zj = ¢ . Finally, when we find t; , we need to know the degrees of freedom. Since we
m

areusing MSE for s% , the degrees of freedomisv, =n—-Kk.

Thus, in summary we have

te =tg/(2m) With n—kdegrees of freedom (31)

Consider the following example. Suppose there arefive different treatments, i.e.,, k=5, and
suppose we wish to work at alevel of significance of 10% , i,e,. & =0.10. Then the number of

5) 5(4
pair wise comparisonsis m= (Zj = % =10. Suppose that the total number of measurements
over thefive treatments is 26, i.e., n = 26. Thus, from equation (31), t;c =t,;om) =t10/20 =t005
with 26 — 5 = 21 degrees of freedom. Hence, t. = 2.831. Now to facilitate the 10 different

comparisons, it helps to summarize the results in tabular form. Each open cell in the following
table represents one of the 10 possible comparisons.

R
; weid | W [
: T T

In these cells the computed value of t,for the two treatments being compared is displayed.
Whenever this value of t.sexceeds 2.831 one can conclude at a 10% level of significance that
the two population means are different.
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